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Abstract 

We construct higher derivative supervertices in an effective theory of maximal su¬ 
pergravity in various dimensions, in the super spinor helicity formalism, and derive 
non-renormalization conditions on up to 14-derivative order couplings from supersym¬ 
metry. These non-renormalization conditions include Laplace type equations on the 
coefficients of R 4 , D 4 R 4 , and D®R 4 couplings. We also find additional constraining 
equations, which are consistent with previously known results in the effective action of 
toroidally conrpactified type II string theory, and elucidate many features thereof. 
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1 Introduction 


Over the last few decades, tremendous insights into quantum held theories and quantum 
gravity were gained through the study of maximally supersymmetric theories 00- The 
constraints of maximal supersymmetry on the dynamics have been investigated extensively 

The goal of this paper is to 


12 


29 , and yet much remains to be understood 10,30-38 


explore the constraints on higher derivative couplings in an effective theory of gravity with 
32 supersymmetries, in various spacetime dimensions, from the superamplitude perspective. 
We will derive a set of non-renormalization conditions on F-term couplings of 8, 12, and 14 
derivative orders, extending the result of 28 on type IIB supergravity in ten dimensions. Our 
results are in agreement with 39 -41 , in which the supersymmetry invariants are analyzed 
using the harmonic superspace formalism. These non-renormalization conditions constrain 
the quantum effective action of toroidal compactihcations of type II superstring theories, 
and appear to be consistent with, and explain many features of, the previous proposals on 


these F-term couplings 13,16,21 


The ordinary two-derivative maximal supergravity theory, at the classical level, is by 

Higher derivative supergravity theories, on the other 


now a well understood subject 42-45 


hand, are notoriously difficult to handle. In the standard component held Lagrangian formu¬ 
lation, the maximal supersymmetry can only be realized on-shell [j] and the supersymmetry 
transformations of the fields must be deformed to accommodate the higher derivative F-term 
couplings 15,22,39 41 . Furthermore, the Lagrangian description harbors the redundancy of 
held redefinitions, and often obscures underlying symmetries |7,8,47,48|. Important progress, 
nonetheless, has been made in the on-shell superspace formalism 32,45,49-51). 


Both the complication of nonlinear deformations of supersymmetry transformations and 
the ambiguity of held redefinitions are evaded in the superamplitude approach |31,48|52,53|. 
One key point is that supersymmetry acts linearly on the amplitudes, and the nonlinearity 
in the supersymmetry transformation of helds are now hidden in the factorization relations 
among the amplitudes (tree level unitarity). Instead of trying to classify and constrain 
terms in the Lagrangian, we will focus on constraining local on-shell vertices that obey 
supersymmetry Ward identities, i.e. supervertices. The supervertices are basic building 
blocks of superamplitudes, and are in correspondence with possible hrst order deformations 
of the theory, by higher dimensional operators that are compatible with supersymmetry. 
Thinking in terms of supervertices, rather than Lagrangian couplings, allows for a much 
more efficient way of organizing supersymmetric deformations. 


4 See however 46 for an elegant off-shell approach based on pure spinor superspace. It is not yet known 
how to extend this formalism to include I? 4 terms. 
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1.1 On the construction and classification of supervertices 


In order to formulate the supervertices, and superamplitudes in general, we will work in the 
super spinor helicity formalism in various spacetime dimensions. We adopt the formalism 
of 54,55 , parameterizing 1-particlc states of the supergraviton multiplet with the spinor 


helicity ( and Grassmann variables 77 . The basic idea is to split the 32 supercharges into 16 
supermomenta Q ~ (r 7 and 16 superderivatives Q ~ (d/dr]. This can be done straightfor¬ 
wardly in type IIB supergravity in 10 dimensions, and in all maximal supergravity theories in 
dimension D < 9. A typical superamplitude can be written in a way that is manifestly invari¬ 
ant with respect to the Q’s, while the nontrivial supersymmetry Ward identities associated 
with Q will be expressed as a set of first order differential equations in 77 . 


I 11 section 3, we will give the explicit definitions of the super spinor helicity variables (, 77 
in spacetime dimensions from 10 to 3, and construct supervertices in each case. One basic 
class of supervertices, which we refer to as D-term vertices, take the form 5 16 (Q)Q V((i, 77 *), 
where V stands for a function of the super spinor helicity variables ( t , rj t associated with 
the external particles (labeled by i = 1, • • ■ , n), that is Lorentz invariant and little group 
invariant. The supersymmetry Ward identities are automatically satisfied. In the maximal 
supergravity theories, the D-term supervertices correspond to Lagrangian deformations at 
16-derivative order and higher. We will not have much to say about their coefficients in an 
effective action, whose moduli dependence is not determined by supersymmetry alone. 


The local supervertices that are not of the D-term type will be referred to as F-term 
supervertices. They arise at 8 , 12 , and 14-derivative orders^] of the form S 16 (Q)J r ((i,r]i), 
where J- is a polynomial in the super spinor helicity variables. If J-((i,r]i) is independent of 
77 , then it is obviously annihilated by Q ~ (d/dr], and therefore the supersymmetry Ward 
identities are immediately satisfied. Generally, T may depend on 77 * and is annihilated by Q 
up to Q-exact terms. 

The F-term supervertices can be constructed in three ways: | BPS vertices of the 
schematic form Q W T, where J- is annihilated by half of the 32 supercharges; / BPS vertices 
of the form Q 2A Q, where Q is annihilated by 8 supercharges, and | BPS vertices of the form 
Q 2Sr H, where % is annihilated by 4 supercharges. The \ BPS supervertices only appear at 
12-derivative order and higher, and the | BPS supervertices only appear at 14-derivative 
order and higher 0 

In dimension D < 7, it appears that all | BPS F-term supervertices can be obtained from 

2 We do not know any 16-derivative or higher order supervertices that are not D-terms, but we have not 
ruled out this possibility. 

3 One should constrast the terminology of BPS vertices here with the usual notion of BPS operators, as 
all the BPS vertices refer to fully supersymmetric deformations of the theory. In particular, the “less BPS” 
supervertices are special cases of “more BPS” supervertices. 
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5 w (Q)f(sij) by rotating with the compact R-symmetry group H. In dimensions D = 8 and 
9, there are exceptional | BPS supervertices that do not fall into this classj^] Their explicit 
constructions will be explained in section 3 and 4. 

The construction of the ^ and | BPS supervertices is more intricate. They do not arise 
in ten-dimensional type IIB supergravity theories. In section 3, we will construct 4 and | 
BPS supervertices at 12 and 14 derivative orders in various dimensions. We find it most 
convenient to construct these supervertices in D < 5, due to the very large R-symmetry 
groups in lower dimensions. In principle, all such supervertices in higher dimensions can be 
obtained from the lower dimensional cases by the uplifting procedure described in section 4. 
The existence of these supervertices has important implications on the moduli dependence 
of D 4 R 4 and D 6 R 4 couplings. 


1.2 Moduli dependence and non-renormalization conditions 


As already mentioned, the supervertices classify supersymmetric (higher derivative) defor¬ 
mations of an effective supergravity action. The coefficient of a supervertex is generally a 
function of the vacuum expectation values of the massless scalars. In maximal supergravity 
theories, these scalar fields parameterize a coset manifold of the form G/H, where G is a 
noncompact Lie group and H a maximal compact subgroup 42,56 - 58]. Note that while G is 
a nonlinearly realized symmetry of the two-derivative supergravity theory, it will be broken 
explicitly by the higher derivative F-term couplings of consideration. 


We would like to constrain the coefficients of these supervertices as a function of the 
scalar moduli fields. In the context of the effective theory of massless fields of a toroidally 
compactihed type II string theory, this includes determining the coupling dependence of 
the supervertex, which captures perturbative as well as non-perturbative contributions to 
the effective action. For this reason, we refer to such supersymmetry constraints as “non¬ 
renormalization conditions”. 


For instance, the 4-point superamplitude at 8-derivative order cannot factorize through 
cubic vertices, by momentum power counting. Such an amplitude must be local, and is 
thus a supervertex of the form /(0 7 )h 16 (Q), where the coefficient /(0 7 ) is a function of the 
scalar vevs. In the Lagrangian language, this supervertex is generated by a coupling of 
the form f^ep^R 4 + • • •, where R 4 stands for an appropriate contraction of four Riemann 
tensors, and (p 1 are the moduli fields. By varying the scalar fields, (p 1 = (p^ + Sep 1 , we then 
obtain (4 + fc)-point vertices, which includes scalar-graviton couplings of the schematic form 
(V <j, 0 ) k f\(po)(5(p) k R 4 . This can also be understood purely from the amplitude perspective, 

4 This has to do with the fact that the compact R-symmetry group is semisimple only for D <7. 
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as a relation between an amplitude with soft scalar emissions and the moduli dependence of 
a lower point amplitude without the external scalars, as explained in section 2. 


Importantly, not all such couplings obtained by expanding the scalar dependence of 
/((/> 7 )f? 4 + • • • correspond to local supervertices. We will see that some couplings of the 
form ( 8(j)) k R ' i , or the corresponding on-shell scalar-graviton vertices, do not admit local 
supersymmetric completions. That is, they are not components of any supervertex, but 
rather components (or appropriate soft limits) of a nonlocal superamplitude. When this 
occurs, such a coupling or component vertex is determined (through supersymmetry Ward 
identities) entirely by the residues of the superamplitude on its poles, which factorize through 
lower point supervertices. 

In the case of the R 4 supervertex, this leads to a linear relation between the Hessian 
of /(0 7 ) and /(0 7 ) itself, which amounts to a set of second order differential equations for 
/(0 7 ). For the general higher derivative F-terms, such relations among the derivatives of the 
coefficient functions /(</> 7 ) may be nonlinear, depending on the factorization structure of the 
superamplitude of question. 


The factorization structure of the superamplitude determines the differential equation on 
/(</> 7 ) up to the numerical coefficients. While the latter can in principle be fixed by solving 
supersymmetry Ward identities, in practice this is not easy to do directly, due to the con¬ 
straints on the spinor hclicity variables in general dimensions. In practice, there is a short 
cut, thanks to superstring perturbation theory. Namely, once the general structure of the 
differential equation for /(</> 7 ) is known, the precise coefficients can be fixed by comparison 
with any known set of (sufficiently nontrivial) amplitudes that obey supersymmetry Ward 
identities and perturbative unitarity. In most cases, comparison with tree level and possi¬ 
bly one-loop results from type II string theory allows for fixing these differential equations 
completely. 


In section 5, we explicitly analyze these differential equations for the coefficients of the R 4 , 
or the corresponding supervertex, in a maximally supersymmetric gravity theory in 6, 7, 8, 9 
dimensions. In addition to the constraints on the Laplacian of the coefficient function, as 
was proposed in 59,60 , we also find extra constraining relations. Our results agree precisely 
with the proposals of 59,60 for the effective action of type II string theory compactified on 
a torus. In these cases, the supersymmetry constraints are sufficiently powerful such that, 
when combined with the assumption of U-duality, they fix the answer completely. 


We also analyze the coefficients of D 4 R 4 and D 6 R 4 couplings in D < 5. It will turn out 
that, due to the existence of 6-point, ^ BPS operators, the second order differential equations 
are not all the constraints, and there will be independent third order differential constraints. 
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The significance of these higher order derivative constraints was recognized in [39-41 

Our method for constructing supervertices is particularly convenient in lower dimensions, 
due to the larger R-symmetry group. A useful dimensional uplifting procedure is introduced 
in section 4. Namely, one may first construct a supervertex in a lower dimensional supergrav¬ 
ity theory, which may be viewed as a candidate supervertex of a higher dimensional theory 
with particle momenta restricted in a sub-spacetime, and then demand Lorentz invariance 
in the higher dimensional theory. We use this method to uplift some supervertices to eleven 
dimensional supergravity, which may be used to constrain the M-theory effective action. 
Although we do not have a complete proof, it appears that the only F-term supervertices 
that can be lifted to 11 dimensions are the ^-point supervertices for A 4 , D 4 R 4 6 1 and D e R 4 
couplings. The coefficients of these terms in the M-theory effective action are previously 
known by comparison with exact results in compactihed theories 21,61-63 . This should 


allow for, in principle, the determination by supersymmetry of up to R‘ couplings in the 
M-theory effective action]^] 


2 Soft limits in higher derivative supergravity theories 

A key ingredient in formulating the supersymmetry constraints on an effective action is 
that we can expand the coupling coefficient in the scalar moduli fields around their vacuum 
expectation value, and obtain higher point coupling and the corresponding on-shell vertices. 
The latter will then be constrained by the supersymmetry Ward identity on the amplitudes. 
For instance, suppose there is an 8-derivative coupling of the form /(0 q)A 4 , where (p J 0 are 
the vevs of the scalars. By expanding (j) 1 = <p q + 8(f) 1 , we also obtain couplings of the form 
• • • dj n f((p 0 )S(j) 11 • • • 5(p In R 4 . Such a coupling gives rise to a (4 + n)-point vertex with 4 
gravitons and n scalars, which may or may not admit a local supersymmetric completion. 

In practice, in order to carry out perturbation theory with the scalar kinetic term governed 
by a nonlinear sigma model, it is convenient to work in the Ricmann normal coordinates 
centered at the point on the scalar manifold corresponding to the vev </>q. This is so that the 
cubic terms in the fluctuation fields Scj) 1 are eliminated. In passing to a general coordinate 
system 0 7 , we can then replace the ordinary derivative at 0o by the covariant derivative 
defined through the Levi-Civita connection on the scalar manifold. Thus, the coefficient 
of the higher point vertices generated by expanding /(</> 7 ) should be given in terms of the 
covariant derivatives of /, namely yrV(/ 1 • ■ ■ V/ n )/(0o). 

5 We thank G. Bossard for emphasizing this to us. 

6 In practice, this is most easily done by constraining the superamplitudes, order by order in the momentum 

expansion. 
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Let Gij(4>) be the moduli space metric, and denote by | Scp^k)) the 1-particle state created 
by the held operator Sep 1 , at momentum k. In terms of the amplitudes, the expansion in the 


fluctuation of scalar moduli holds can be characterized by a soft relation, of the form 64,65 
(see Figure [l]) 

Jim AiStfik), {ipM}) = G IJ (cp 0 )V (2.1) 

k—>0 ' ' 


Here 'ipi(pi) represents other external particles, A is the scattering amplitude in the vacuum 
where (p 1 acquires expectation value 0 q. The LHS is the amplitude with the emission of 
an extra soft scalar Sep 1 . If {' ipi(pi )} involves the scalar particles created by some 8<p K , 
A{{'ipi (pi)}) as a function of the scalar vev 0 O should be viewed as a tensor with respect 
to coordinate transformations on the scalar manifold, and Vj is dehned as the appropriate 
tensor covariant derivative with respect to 0 q. 


Sp(k) 




Figure 1: Single soft limit of a superamplitude and its relation to the lower point supervertex. 


The relation (2.1) can also be understood from the perspective of perturbative string am¬ 
plitudes. Let us consider type II string tree level amplitude for simplicity. Moving along the 
moduli space of vacua, the worldsheet CFT is marginally deformed, which to leading order 
in conformal perturbation theory corresponds to an insertion of 8(p T f d 2 z G_iG_i Vj in the 
sphere correlation function. Here V/ is a superconformal primary of weight (|, |) represent¬ 
ing the state | Sep 1 {k)) at momentum k — 0. This corresponds to the soft emission amplitude 
of 5(p J . In the presence of vertex operators of other scalar moduli fields in the correlation 

function, there are contact terms in the OPEs between them and G_iG_iVi, which involves 

2 2 _ 

the Levi-Civita connection on the scalar manifold (moduli space of the worldsheet CFT) |66|. 
Higher order contributions in conformal perturbation theory involve multiple insertions of 
the integrated marginal operator, which would lead to more complicated contact terms. 


It is well known that the two-derivative supergravity theory has a nonlinearly realized 
global symmetry G, which is spontaneously broken by the scalar vev to a compact subgroup 
H. The scalar manifold can be identified with the coset space G/Lfjj] In this case, the 

'The local geometry of the scalar manifold can be understood easily from the scalar 4-point amplitude 
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scalars qr may be viewed as Nambu-Goldstone bosons, and the RHS (2.1) vanishes. This is 


a version of the single soft pion theorem 65,67 


The higher derivative couplings considered in this paper, on the other hand, generally 
break G , as well as the subgroup H, explicitly. With such couplings viewed as deformations 
of the Lagrangian, of the schematic form 


C = C 


( 2 ) 


O, 


( 2 . 2 ) 


where Ct 2 ) is the two-derivative supergravity Lagrangian, the relation (2.1) can be derived 


by considering the matrix elements of f d D x O between in and out asymptotic states in 
the two-derivative supergravity theory. In other words, the amplitude with a soft scalar 
emission no longer vanishes, but is now related to the derivative of a lower point amplitude 
with respect to the moduli. 

We will also need a soft relation that involves two soft scalar emissions]^] Generally, the 


simultaneous double soft limit contains singular terms 65,67 , which involves the structure 


constants of the group G , as well as potential soft graviton poles. However, for our purpose, 
it suffices to consider the symmetrized consecutive soft limit which is non-singular, and takes 


the form (by applying (2.1) twice) 


- lim lim + lim lim AiStfih), 5(p J (k 2 ), {^i{Pi)}) = G {I - K (4> 0 )G l)L ((j) 0 ) K \/ L A{{^i{pi)}) . 

A yfci-s-o fc2->o fo-s-ofci-s-o J 

(2.3) 

In the following sections, we will see that the LHS is often constrained by supersymmetry 
Ward identities, which then leads to a second order differential equation on the moduli 
dependence of the amplitude A({ij)i(pi)}) . 


3 Supervertices in maximal supergravity theories 


We shall begin with the super spinor helicity formalism in ten-dimensional type IIB super¬ 
gravity 55 , and review the construction of supervertices in 28 . The bosonic spinor helicity 


variable for the supergraviton takes the form ( a A, where a is an 50(1,9) spinor index, 
and A = 1, • • • ,8 an 50(8) little group spinor index. ( a A is constrained through the null 


in the two-derivative supergravity theory. The latter is the scalar component of a 4-point superamplitude 
of the form S 16 (Q)/(stu ) (see section 3 for the super spinor helicity notation). Comparison with the 4-point 
tree amplitude of the nonlinear sigma model then determines the Riemann tensor of the scalar manifold to 
be that of a symmetric space. 

8 See 68 69 for recent results of double soft theorems in non-maximal supergravities and the extension 


to soft fermions. 

















momentum p m of the supergraviton via 

p m />AB = UaCha = \vJZp ■ (3.1) 

One also introduces a set of Grassmann variables t\a that transform in the spinor represen¬ 
tation of the SO(8) little group. The 1-particle states of the supergraviton multiplet will 
be identified with polynomials in t]a- For instance, the dilaton-axion fluctuations 8r and 
5t (more precisely, the 1-particle states created by these field operators) are represented 
by the monomials 1 and = Ha=i Va- The 2-form fields are represented by tjaPb and 
^ABAi -AeVA! ■ ■ ■ Va 6 , and the 4-form field and the graviton are represented by degree 4 
polynomials in t)a- 


The 32 supercharges that act on the 1-particle state will be split into 16 supermomenta 
and 16 superderivatives, 


Qa Co,4 1] A: and q a c a A 


d 
dil a 


(3.2) 


{?a! 9/3 } — r > PmX' a pj 


= {q a ,Qfi} = o. 


(3.3) 


They obey the supersymmetry algebra 

1 

2 1 

In terms of the supercharges q% and q^ that arises from the left and right moving sectors of 
type IIB string theory, we may identify q a = \{q^ + iq ^), and q a = | (q T a — iq^). 

An n-point superamplitude is the generating function for all amplitudes of n particles in 
the supergraviton multiplet. It can be expressed as a function of the super spinor helicity 
variables ( ia A, PiA, where i = 1, • • • , n labels the particles. The 3-point superamplitude is 
a local supervertex, and is completely fixed by maximal supersymmetry, to be given by the 
tree level two-derivative supergravity cubic vertex 28,55 . For n > 4, the superamplitude 
takes the form 

A = 8 10 (P)8 16 (Q)F(( i ,r h ). (3.4) 

Here P m stands for the total momentum, and Q a = JT qi a is the total supermomenta. 
T is a function of the super spinor helicity variables. We will be considering mostly tree 
amplitudes built out of an effective action, that admits a well defined derivative expansion. 
For this purpose, at a given order in momentum scaling, T will be a rational function of the 

Ci’s- 


By construction, (3.4) is annihilated by the 16 supermomenta QA s, due to the Grassmann 
delta function 5 16 (Q) = Q a . The Ward identities associated with the superderivatives 
Q a = 'AA i q ia i namely Q a A = 0, imposes nontrivial constraints on the function P(Q, rj t ). 


A basic set of building blocks for superamplitudes are on the on-shell supervertices, which 
are defined to be superamplitudes with no poles in the momenta. The set of linearly indepen¬ 
dent supervertices are in correspondence with the set of fully supersymmetric infinitesimal 
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deformations of an effective action. An obvious class of supervertices are the D-term vertices 
of the form 


6 K (Q)Q K P( Ci.ift), 


(3.5) 


where V is an arbitrary polynomial of the super spinor hclicity variables that is invariant with 
respect to Lorentz group, the little groups associated with each of the n external particles, and 
permutation symmetry on the n particles. The h 10 (P) that enforces momentum conservation 
will be omitted from now. Note that the Q a : s and Q a ’ s are on equal footing in (3.5). 

A supervertex that is not of the D-term type will be referred to as an F-terrn supervertex. 
A basic conjecture of 28 , which can be verified by direct inspection on possible supervertices 
at low derivative orders, is that the only F-term supervertices in a supergravity theory with 
type I1B supersymmetry are of the form (for n > 4) 


■5‘ 6 (Q)/(%), 


(3.6) 


and their CPT conjugates 

n 

/(»«)«“ IK’ (5-7) 

i= 1 

where / is a polynomial in the Mandelstam variables Sij = ~{Pi+Pj) 2 - 

The 4-point supervertex <5 16 (Q), for instance, corresponds to the unique supersymmetric 
completion (at the linearized order) of the 8-derivative coupling of the form R i + ■ ■ ■. For 
n > 4, the n-point 8-derivative supervertex <5 16 (Q) corresponds to (<5r) ri_4 P 4 + • • •, and its 
CPT conjugate corresponds to the coupling (hr) n-4 P 4 + • ■ ■. The two-derivative type IIB 
supergravity theory has a nonlinearly realized SL( 2,M) symmetry, whose [/(1) subgroup is 
linearly realized and acts on superamplitudes as 


R 



(3.8) 


This symmetry will be explicitly broken by the supervertices of interest (in particular the 
ones that arise in string theory), but nonetheless can be used to organize the supervertices 
and superamplitudes. In particular, the n-point 8 -derivative supervertex 5 16 (Q) has charge 
n — 4 with respect to R. 

In the rest of this section, we will consider the reduction of the type IIB super spinor he- 
licity formalism to D-dimensions, 3 < 1) < 9 j^] The D-dimensional, two-derivative maximal 
supergravity theory has a nonlinearly realized noncompact symmetry group G, out of which 
a maximal compact subgroup H is linearly realized. We refer to H as the R-symmetry group. 

9 In less than 3 spacetime dimensions, there is no quantum moduli space of vacua, and amplitudes cannot 
depend on the scalar field expectation values. 
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The higher derivative supervertices generally transform nontrivially under H. We will be 
able to express the generators of H explicitly as linear operators that act on polynomials in 
the Grassmann variables analogous to rjA- 

A general class of n-point 8-derivative F-term supervertices can be constructed by starting 
with an expression like h 16 (Q) and then rotating by the action of H. The \ BPS 12-derivative 
and 14-derivative F-terms can be constructed similarly, from h 16 (Q) ■ sf , 5 16 (Q ) Yli<j s^, 

and h 16 (Q) Y.i<j<k s %k- Note that the latter two expressions give independent n-point ver¬ 
tices only when n > 6. It appears that all \ BPS supervertices in D < 7 dimensions are of 
this form. In 8 and 9 dimensions, there are some exceptional \ BPS supervertices, and a 
detailed treatment of these supervertices will be given in section 4. 

In dimension 9 and below, there are also \ BPS supervertices, starting at 12-derivative, 
6 -point order, of the schematic form S 16 (Q)Q s G(ili)- I 11 dimension 7 and below, there are 
| BPS supervertices, of the schematic form S ie (Q)Q 12 'H('p i ). We will give a conjecturally 
exhaustive construction of the 12-derivative | BPS supervertices in D < 5, and describe 
some examples of (but not all) such supervertices in dimensions 6 < D < 9. 


3.1 9D 


We will denote by 7 m the 9 dimensional Gamma matrices, m = 0, • • • ,8. The spinor hclicity 
variable A q a of the supergraviton 1-particle state is related to the null momentum p m by 


^aA^aB = 0 . 


(3.9) 


Here cx,/3 are .SO^S) spinor indices, and A, B are SO(7 ) little group spinor indices. Note 


that (3.9) is a straightforward reduction of type IIB spinor hclicity, with the momentum 


restricted to nine dimensions. There is also an identity 


^aA^pA AlapVr 


(3.10) 


The supergraviton multiplet will be represented by monomials in the Grassmann parameters 
rjA■ There are three little group singlets, which we denote by 1, rf = YIaVa, and r^ 4 
defined using the invariant anti-symmetric 4-form on the spinor representation of so(7). 
They correspond to the three massless scalars in the 9D supergraviton multiplet. The 9D 
two-derivative supergravity has a nonlinearly realized SL( 2,M) x M + symmetry. Two of 
the scalars transform under the SL( 2,M). Their fluctuations are denoted by Sr and dr, and 
correspond to the monomials 1 and rf in the super spinor hclicity notation. If we view the 9D 
theory as a reduction of 11D supergravity on a torus, hr and hr correspond to deformations 
of the complex modulus of the compactification torus. The third scalar, which we denote by 
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er, parameterizes the area of the compactification torus. Its fluctuation 5a corresponds to r/ 4 
in super spinor helicity notation. 

The supercharges are represented as 


Qa ^aA^]Ai 


Qa 




d 

dr] A 


(3.11) 


As already mentioned, we can write down an rt-point, 8-derivative F-term supervertex 5 16 (Q) 
and its CPT conjugate, for all n > 4. They contain (5r) n_4 /? 4 and (5r) n_4 i? 4 couplings. 

We will see in section 4 that there is an exceptional 5-point supervertex that contains 
5aR 4 . This supervertex will be constructed by showing that a particular supervertex in 8D 
can be lifted to a Lorentz invariant supervertex in 9D. It appears that this 5-point supervertex 
together with the n-point (5r) n_4 f? 4 and (5r) n ~ 4 R i supervertices (n > 4) described above 
are the complete set of 8-derivative supervertices in 9D maximal supergravity theories. In 
section 4, we will see that this classification of 8-derivative supervertices leads to a non- 
renormalization condition that is precisely consistent with the proposed exact result for R 4 
coupling in the circle compactification of type II string theory 162 ]. 

At 12-derivative order, there is another exceptional 6-point supervertex that contains 
couplings of schematic form D 4 (5a) 2 R 4 . It will be constructed in section 4.2 by uplifting 
from eight dimensions. Here in nine dimensions, we have not exhausted all the supervertices 
at 12-derivative order and above. In principle, they should all be attainable from the uplifting 
procedure, starting from D < 5. 


3.2 8D 

The 8-dimensional super spinor helicity variables are A at, A' 4 . and Grassmann variables 
r] 1 ,rjj, where A and B are chiral and anti-chiral spinor indices of 5'0(1, 7), and / is a spinor 
index of the .SO(6) little group (chiral or anti-chiral in the case of lower or upper index). A 
and A are related to the null momentum p m 1 up 4 ] 

= U/V, ^aAb' = \P-1AB- ( 3 - 12 ) 

The 32 supercharges act on the 1-particle states as 

<Ia = U/1/, q A = A/i)/, 

= _ . 9 _ _ T , d (3.13) 

Qa - Xa, Wi' u ~ A W 

10 It follows from the defining relations that A, A also obey the Dirac equation pmX Ir ) m = = 0. 


12 




Our definition of A, A leaves a GL( 4) ambiguity, A ai —> gi J ^Aj, A—> (< 7 _1 ) / jA j 4 J . An 
(SC/(4) subgroup of the GL(4) is identified with the little group in six dimensions. In the 
Lorentzian signature, the GL( 4) is hxed to 5f/(4) by the 8D reality condition relating A 
and A0 In the consideration of the analytic property of S-matrix elements, we need to 
analytically continue in A and A, relaxing the reality condition. To do so, we can extend the 
GL( 4) transformation on A, A to act on r/, rj as well, leaving the momentum and supercharges 
invariant. In constructing supervertices and superamplitudes, we should impose the invari¬ 
ance with respect to the 5L(4) subgroup, but not necessarily the diagonal GL{ 1), which 
rescales the supermomenta q and q oppositely. 

The 8-dimensional two-derivative maximal supergravity has a nonlinearly realized global 
symmetry G = SL{3) x 5L(2), whose linearized realized compact R-symmetry subgroup is 
H = 50 (3) x SO(2). The generators of H are represented on the 1-particlc states by 


R+ — VVi R- = d v dfj, R 3 = --(rjdr, + rjdjj) + 2, 
K = jW - vh) 


(3.14) 


The 7 scalar particles in the 8D supergraviton multiplet are represented by the monomials 
(j]rj) rn 1 0 < m < 4, and r/ 4 = ^eijKLV I V J V K V L and rj A . They transform in the representation 
5 0 ®li©l_i of 50(3) x 50(2). 

The n-point supervertex 5 16 (Q) now transforms (as the lowest weight component) in a 
spin 2{n — 4) representation of the 50(3), and is uncharged with respect to the 50(2). 

There are also a pair of n-point supervertices that are charged under the 50(2), that are 
CPT conjugates of one another, of the form 


v- 

V+ 


8 _ n 

A= 1 i=1 
8 n 

a'Kton^IN 

A =1 i= 1 


shqa) n 

A= 1 

s‘(Qa) n 

A=1 





d 

drji 1 


1I J 

i =1 
n 

IT/ 


(3.15) 


Indeed, it is easy to verify that obey supersymmetry Ward identities, namely, they are 
annihilated by Qa,Qa>Qai an d Qa■ Note that V± are 50(3) invariant, and have charge 
±(n — 4) with respect to the 50(2) generator R' = ^ ~ Vi^rji)- 

We conjecture that together with the 50(3) orbit of 5 16 (Q) give the complete set of 
n-point 8-derivative supervertices in an 8D maximal supergravity theory. In section 4, we 
will explain the relation between these vertices and those of the 7D maximal supergravity 

n A similar situation happens for the familiar 4D spinor helicity variables. 
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theories. We will also see that this classification of supervertices is precisely consistent 
with the proposal of 60 that in the toroidal compactification of superstring theory to 8 
dimensions, the coefficient of i? 4 coupling in the effective action is the sum of a regularized 
SL( 3) Epstein series and an SL( 2) Eisenstein series. 

Starting at 12-derivative order, we can write n-point 4 BPS supervertices for n > 6, of 
the form 


S ie (Q)Q s V(rit) = S 16 (Q) I] E A 

A= 1 \j =1 


S w (Q)Q*nvt) = S W {Q) n E A «' 

A= 1 \j =1 



and 


(3.16) 


Here V(r]f) is a polynomial of the little group invariants rjf, of total degree 4 k in the rji s, 
with 2 < k < n - 2p The case k — 2 corresponds to the | BPS supervertex of the 
form <5 16 (Q) Yhi<j s ij- The case k = n — 2 corresponds to V± where V± are the 

8 -derivative supervertices given in (3.15). We will now focus on the more interesting case of 
3 < k < n — 3, which correspond to | BPS couplings. 

Let us consider the case n — 6. We have a pair of 6-point \ BPS 12-derivative superver¬ 
tices, 

i m (Q)Q a E 

l<i<j<k<6 

i ls (Q)Q s E 

l<i<j<k<6 

It is easy to see that the above supervertices are annihilated by i?_, and correspond to the 
highest weight states in the representations 5! and 5_i of 50(3) x 50(2), respectively. An 
entire multiplet of 6-point, 12-derivative ^-BPS supervertices are obtained by applying an 
50(3) R-symmetry rotation to (3.17). 

Likewise at 14-derivative order, there is a class of n-point | BPS supervertices for n > 6, 
of the form 


4 4 4 

ViVjVki 


~ 4 ~ 4~4 

Vi VjVk ■ 


(3.17) 


<s 18 «)Q s EWiS, 


i<j 


S 1 HQ)Q a Y. s >i P ‘M)' 


(3.18) 


i<j 


where Vij are polynomials of the little group invariants r/^, of degree 3 < k < n — 3. Let us 
specialize to the case n — 6, k — 3, where we can write down a pair of \ BPS 14-derivative 


12 


The expressions in (3.16) vanish identically for k outside this range. 
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(3.19) 


supervertices, 

i le (Q)Q s £ 

l<i<j<k<6 

<s ie w)3 8 £ 

l<i<j<k<6 

They transform as the highest weight states in the representation 5i and 5_i of SO(3) x 
50(2) respectively. Here Sijk = —( Pi+Pj+pk ) 2 = Sij + Sik+Sjk- A priori, one may write down 
other polynomials Vij(r )|), but after taking into momentum conservation and permutation 


4 4 4 

SijkVi VjVk, 


~ 4 ~ 4~4 

SijkVi VjVk- 


invariance, we find that (3.19) is the only independent \ BPS supervertex of the form (3.18). 


3.3 7D 

In 7 dimensions, the spinor helicity variables are denoted A Q j, where a = 1, • • • , 8 is a spinor 
index of 50(1,6), and / = 1, • • • ,4 is a spinor index of the 50(5) little group. A is related 
to the null momentum by 


7 = p m ^IJ, Aq./ A a j = 0, 


(3.20) 


and 


XcjXpjn IJ = (3.21) 


Here Qjj is the invariant anti-symmetric 2-form on the spinor representation of 50(5). To 
describe the supergraviton multiplet, we introduce the Grassmann variables p : a , where a = ± 
is an auxiliary index that may be identified with the spinor index of an 50(3) subgroup of 
the 50(5) R-symmetry (not to be confused with the little group). The supercharges are 
represented on the 1-particle states as 

0 

Qaa ^alVai Qa ^ al Tj • (3.22) 

ortia 

The /, J indices are raised and lowered with the invariant tensor Q 1J and fljj. There are 14 
scalars that parameterize the coset G/H = 5L(5)/50(5). The scalar 1-particle states are 
represented in the super spinor helicity notation by the little group invariant monomials 


1, nrjrj T ia rf^ fRj , r/ a , rf 

or 1 } orjj 


J 


K „L 


d 2 


(3.23) 


They transform in the symmetric traceless 2-tensor representation of S0(5)r. Acting on a 
supervertex or super amplitude, the S0(5)r generators can be expressed explicitly as 


R inb) = YshjviLvdp r (ab) = 


o 2 


dpu{adpij b ) 




d 


(3.24) 
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The n-point F-term vertex <5 16 (Q) sits in the lowest weight state of a rank 2 (n — 4) 
symmetric traceless tensor representation of SO(5)r. The entire SO(5)r multiplet of n- 
point, 8-derivative supervertices can be produced by acting on <5 16 (Q) with R+ ab y These are 
the complete set of 8-derivative supervertices in a 7D maximal supergravity theory. 

Let us briefly discuss some consequences of this classification of 8-derivative supervertices, 
which will be elaborated in section 5. The 4-point supervertex 5 W (Q) corresponds to the 
supersymmetric completion of R 4 + • • • coupling in the effective Lagrangian, as in all other 
spacetime dimensions. The 5-point supervertices obtained by acting on h 16 (Q) with R+ ab ^ 
transform in the rank-2 symmetric traceless tensor of SO( 5)r. They correspond to couplings 
of the form 5(f) 1 R 4 + • • •, where 5(f) 1 are fluctuations of the 14 scalar moduli fields. The 
coefficients of these 5-point supervertices, as a function of the moduli (f) 1 , will be tied to the 
first order derivatives of the R 4 coefficient /(</> 7 ) with respect to (f) 1 . 

The 6-point supervertices, obtained by acting on h 16 (Q) with R^ ab ^ twice, transform in 
the rank-4 symmetric traceless tensor of SO(5)r, or [4,0] in the Dynkin label notation. 
These supervertices contain couplings of the form 5(f) 1 5(f> J R 4 . However, couplings of the form 
5(f) 1 5(f) J R 4 in the effective Lagrangian give rise to more bosonic vertices with two scalars and 
four gravitons than the ones that belong to the 6-point supervertex. 

A priori, the coupling R 4 , or the corresponding bosonic on-shell 6-point vertex, 

transforms in the representation 

Sym 2 [2,0] = [0, 0] © [0,4] ® [2, 0] © [4, 0] (3.25) 


of SO(5)r. Among the irreducible components, only the [4,0] can be completed to a local 
6-point supervertex. The remaining components of the bosonic vertex, in the representation 
[0,0] © [0,4] © [2,0], must be components of nonlocal superamplitudes, and are determined 
by the factorization of the latter to lower point supervertices. We will see in section 5.1 that 
these factorization relations lead to three sets of second order differential equations on the R 4 
coefficient /(</>). The [0,0] component is an equation that asserts /(0) is an eigenfunction 
of the Laplacian on the scalar manifold SL(5)/SO(5). This equation has been proposed 
The [0,4] and [2,0] components of the equations are additional constraints from 


m 


59,60 


supersymmetry. 

Starting at 6-point, 12-derivative order, apart from \ BPS supervertices in the represen¬ 
tation [4, 0] with lowest weight state 


■5 16 W) £ 


o’ 


(3.26) 


there are \ BPS supervertices, that can be constructed similarly to the ones described in the 
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previous subsection. One of them is a straightforward dimensional reduction of (|3.17|), 

s W (Q)Q- 


E 

l<i<j <k<£<6 


4 4 4 

rn + V j+ V k +, 


where 


q -=n o«-=n ( e a “' 


6 


d 


a=l 


drn+ 


vt+ = ^UKLvUVi+vUvt- 


(3.27) 


(3.28) 


Oi=l \ 1=1 

(3.27) is obviously annihilated by Q a+ and obeys supersymmetry Ward identities. 

The following combination of the 6-point \ BPS supervertex and \ BPS supervertex, 


« 16 W)(o 8 - E 

\ l<i<j<k<£<6 


4 4 4 2 X 35 \ ^ O / \ •: 

zL 


(3.29) 




is annihilated by Rf ++ \, R(+±)i ^°(++) an d transforms as the lowest weight state in the repre¬ 
sentation [0,4] of S'0(5)j;f^| 

The 7D Lorentz group potentially allows for |-BPS 14-derivative supervertices of the 
form S 16 (Q)Q but they are not straightforward to construct, due to the constrained 

nature of the spinor helicity variables. It appears simpler to uplift such | BPS supervertices 
from lower dimensions. 


3.4 6D 


The 6-dimensional spinor helicity variables A Aa, A A a are related to the null momentum pab 

1 


(in bispinor notation) via 70-72 


„ _ \ \ x ABCD _ \A \B ab 

Pab — AAaABbt , P — -e Pen — a j,e . 


(3.30) 


Here A, B = 1, • • • ,4 are spinor indices of 50(1,5), and (a, a) are 5f/(2) x 57/(2) little group 
spinor indices. 


To describe the 6D supergraviton multiplet, the 8 Grassmann variables are organized 
in the form where a' = 1,2 and a' = 1,2 are auxiliary indices that may be 

identified with spinor indices of an 50(3) x 50(3) subgroup of the R-symmetry group 
H = 50(5) x 50(5). The 32 supercharges are represented on the 1-particlc states as 


< lAa' = A AaJ) a aQ a' = A ajf a', 


QAa' = A 


d 


Aa 


dr]a 1 ' 


n A — \ A 
Q a' A a 


d 


(3.31) 


9pa 


13 Note that the | BPS supervertex and the / BPS supervertex are separately annihilated by R( +± y //(++) 
while only a nontrivial linear combination of them is annihilated by R+ ++ y 
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The R-symmetry group H is generated by 


(V ) a'b' i {df^a'b'i 7]a'd,j b , 5 a i, 

(<9§W, Va'dav-6%. 

acting on the 1-particle states. 

Here we used the notation ( if) a 'b 1 = t-abrfa'rfb', Va 1 d r / h = e a bV a a'Q^-;, etc. The n-point 
8-derivative supervertices are obtained from h 16 (Q) by the 50 (5) x 50 (5) rotation, and 
transform in the representation [n — 4, 0; n — 4, 0]. 

In particular, the 5-point 8-derivative supervertices that contain the scalar-graviton cou¬ 
pling Sep 1 R 4 transform in the representation [1, 0; 1, 0] of H = SO( 5) x 50(5). This is consis¬ 
tent with the scalars fields parameterizing the coset 50(5, 5)/(50(5) x 50(5)). The 6-point 
8-derivative supervertices transform in the representation [2,0; 2, 0]. On the other hand, the 
coupling in the effective Lagrangian, or the corresponding bosonic on-shell vertex, 

transforms with respect to H according to the representation 


Sym 2 ([l, 0; 1, 0]) 


[ 0 , 0 ; 0 , 0 ] © [ 0 , 2 ; 0 , 2 ] ® [ 0 , 0 ; 2 , 


0 ] ® [ 2 , 0 ; 0 , 0 ] © [ 2 , 0 ; 2 , 0 ], 


(3.33) 


Thus we expect the R 4 coefficient /(</>) to be an eigenfunction of the Laplacian on the scalar 
manifold 50(5, 5)/(50(5) x 50(5)), and further obeys a set of second order differential 
equations that restricts the [0, 2; 0, 2], [0, 0; 2, 0], and [2, 0; 0, 0] components of the Hessian of 
f(<p) (to zero, in fact). These will be examined in detail in section 5.4. 

Starting at 12-derivative order, | BPS supervertices can be constructed as before. Here 
we highlight the construction of a set of | BPS supervertices at 14-derivative order. Consider 
the n-point, 14-derivative supervertex of the form 


S ie (Q)Q«QtV( v l, b „vt ++ ), 


(3.34) 


where 


Q A— i 


q s = n Q.4+ 

A =1 


*iL'w = 


Qt= n ^ 

A= 1 


n}++ = £abVi d +Vi b +- 


ns 

A= 1 V 2 = 1 


d 


drjia+ 


(3.35) 


V is a polynomial in the little group invariants, and must be of degree at least 8 in the r/’s 
and degree at least 4 in the rji+’s. Note that V(r}^ a , b ,,r^ ++ ) is obviously annihilated by Q A + , 


and consequently (3.34) obeys the supersymmetry Ward identities. If V is of order ry 8 ^ 4 , 
Q 8 Q_V will simply be a Lorentz invariant expression of the momenta that can be expressed 
in terms of a cubic polynomial in the s^’s. A multiplet of | BPS supervertices can be 
constructed using V of higher degrees in ry and ry + , and rotating (3.34) with the R-symmetry 
group 50(5) x 50(5). 
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3.5 5D 


The 5D spinor helicity variables A Aa are related to the null momentum pab by 

PAB = ^Aa^Bb£ ab , Xl AB ^Aa^Bb^ 11 = 0 . 


(3.36) 


Here A, B — 1, • • • , 4 are spinor indices of 50(1,4), a, b = 1, 2 are spinor indices of the 50(3) 
little group, and Q AB is the invariant anti-symmetric form on the spinor representation of 
50(1,4). We then introduce the Grassmann variables r/ a j, where I = 1, • • • , 4 is an auxiliary 
index that may be identified with that of an 5f/(4) subgroup of the R-symmetry group 
USp(8). The 32 supercharges are represented on the 1-particle states as 


Qai 


>^AaV a i, Qa 1 


X 


Aa 


d 

dpal' 


(3.37) 


The compact R-symmetry group H = USp(8 ) acts on the 1-particle states as 


nr" = = (3.38) 

The n-point 8-derivative supervertices obtained by rotating <5 16 (Q) with the R-symmetry 
generators R\j transform in the representation [0, 0,0, n — 4] of USp(8 ). In particular, 
the 5-point supervertices obtained by rotating <5 16 (<5), which contain the coupling 
transform in the 42-dimensional representation [0,0,0,1]. The scalar fields (j) 1 parameterize 
the 42-dimensional coset manifold Eq^/US p(8 ). 

While the 6-point 8-derivative supervertices transform in [0, 0, 0, 2] with respect to the 
USp(8), the couplings 5(f) 1 R 4 a priori transform according to 


Sym 2 [0, 0,0,1] = [0,0, 0,0] ® [0,2, 0,0] © [0,0,0,2], 


(3.39) 


So in addition to being an eigenfunction of the Laplacian, the coefficient of the R 4 coupling 
/(0) obeys a set of second order differential equations that transform in the 308-dimensional 
representation [0,2, 0,0] of USp{8 ). This extra set of equations asserts that the [0,2, 0,0] 
component of the Hessian V^xV j)f(4> ) vanishes. 

The 6-point | BPS supervertices in the representation [0,0,0,2] can be analogously 
constructed at 12 and 14 derivative orders, by applying the USp(8 ) R-symmetry rotation 
to <5 16 (Q) s 2 -, S 16 (Q)^2sfj and <5 16 (<3) S s ijk- Interestingly, there are also 6-point, 12- 

derivative | BPS supervertices that transform in the representation [0,2, 0,0]. The lowest 
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weight state will be given by a combination of the following \ BPS supervertex 14 


(3.40) 


(3.41) 


s m (q) n Qa — Qa~{ — e n ( Jlik ++ r lik ++ e afe) (jlik — \-Vik —f e cd) ■ 

A=1 l<h<i 2 <i 3 <6 k=l 

with the following | BPS supervertices 

< 5 16 (< 3 ) Yl s%R+ +++ Rt + _ + , 5 k (Q) Y. 4 ( fi t+-+) 2 - 

l<2<ji<6 

Here we have chosen to write the index I explicitly as (±±). The absence of the singlet 
[0, 0, 0, 0] among the 6-point, 12-derivative supervertices then gives rise to a Laplacian con¬ 
straint on the moduli dependence of D 4 R 4 . 

Likewise, there are 7-point, 12-derivative 1 BPS supervertices in the representation 
[0, 2, 0,1], in addition to the \ BPS supervertices in [0, 0, 0, 3]. The representations [0, 0, 0,1], 
[0, 2, 0, 0], and [2, 0, 0,1], on the other hand, are absent at this order, which leads to a set of 
third order differential equations constraining the coefficient of D 4 R 4 . 

3.6 4D 


The 4D spinor helicity variables are the familiar X a , Xa, related to the null momentum (in 
bispinor notation) p Q p by 

Pa/3 = V ( 3 - 42 ) 

The Grassmann variables are rji,?} 1 , I — 1, ••• ,4. A and rj carry charge +1 with respect 
to the SO( 2) little group, and X,r] have charge —1 with respect to the little group. The 
supercharges are represented on the 1-particlc states as 

q a i = X a t]i , q^ 1 = XaV 1 , 


q a i Aa Q^ji : 


q* 1 


-A — 
or)i 


(3.43) 


The compact R-symmetry group H = SU( 8) is generated by the following little group 
invariants acting on the 1-particle states, 


R+i J = rjjrj J , 

d 


R” 1 ., = 


d d j d d j 

drj! chy J! 7 = m d^~j +V 1 


N, "^ m wr rf w~\ si{ ' ldv 


(3.44) 


qd'n 


14 


The reason that only r] a ± + appears has to do with the reduction of the 8D Grassmann variable rj 1 


in the 8D 4 BPS supervertex (3.17). We use ± indices to label the spins over the internal planes in the 


decomposition of the spinor representation of the 8D little group SO(6) in lower dimensions. The rightmost 
subscript + indicates that we are decomposing the chiral spinor rf of SO(6) as opposed to the anti-chiral 
spinor fjj. 
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Note the commutation relation 

[R + , J , R- k l] = = -l s i(M, K + Nf) - t Sf(M L J - N l j ). (3.45) 

The n-point 8-derivative supervertices obtained by rotating 5 8 (Q) with H = SU (8) transform 
in the representation [0, 0, 0, n— 4, 0, 0,0]. In particular, the 5-point supervertices that contain 
the coupling 5(f) 1 R 4 transform in the 70-dimensional representation [0001000]. The scalars 
(p x parameterize the 70-dimensional coset manifold E 7 ^)/SU{8). 

While the 6-point 8-derivative supervertices transform in [0002000], the couplings 5(f) 1 Sfr 7 R 4 
a priori transform in the representation 

Syrn 2 [0001000] = [0000000] © [0100010] © [0002000], (3.46) 


Consequently, in addition to being an eigenfunction of the Laplacian, the coefficient /(</>) 
of the R 4 coupling obeys a set of second order differential equations that transform in the 
720-dimensional representation [0100010] of SU(8 ). This extra set of equations assert that 
the [0100010] component of the Hessian V(zV j)f((f>) vanishes. 

At 12-derivative order, in addition to the 6-point \ BPS supervertices in [0002000], there 
are also | BPS supervertices in [0100010]. The latter can be constructed starting from the 
lowest weight state ^ 


s'HQ)Q 




E 

1 < 2 <J<A 1<6 


4 4 4 

ViVjVk- 


(3.47) 


The singlet supervertex is absent. 


Likewise, there are 7-point, 12-derivative \ BPS supervertices in the representation 
[0101010], in addition to the \ BPS supervertices in [0003000]. The representations [0001000], 
[0200000], [0000020], and [1001001], on the other hand, are absent at this order. 


3.7 3D 


The 3D spinor hclicity variables A a are related to the null momentum p a p by 

Pa0 AqA/J. 


(3.48) 


The Grassmann variables are now denoted simply as tja, where A = 1, • • • , 8 is an auxiliary 
index. The little group is a Z 2 under which A and ij are odd. The supercharges are represented 
on the 1-particle states as 


QaA A a TjAi QaA 



(3.49) 


1 

4 


15 In this case there are no candidate \ BPS supervertices with the right charges to mix with the following 
BPS super vert ex. 
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The compact R-symmetry group H = ST^IO) is generated by the little group invariants 


R[Ab] ~ VaVb, R [A b] 


— — PQ = „ 9 

dr] A dij B ’ AB A dr/ B 



(3.50) 


when acting on the 1-particle states. 

The n-point 8-derivative supervertices obtained from S 8 (Q ) transform in the representa¬ 
tion [0, 0, 0, 0, 0, 0, 0, n — 4] of S r O(16). In particular, the 5-point supervertices that contain 
Scj/R 4 transform in the 128-dimensional spinor representation [00000001]. The scalars (j) 1 
parameterize the 128-dimensional coset E & ^/SO( 16). 

The 6-point 8-derivative supervertices transform in [00000002], On the other hand, the 
couplings ScjAScj)^ R 4 a priori transform according to 


Sym 2 [00000001] = [00000000] © [00010000] ® [00000002], (3.51) 


So in addition to being an eigenfunction of the Laplacian, the coefficient /(0) of the R 4 
coupling obeys a set of second order differential equations that amounts to the vanishing of 
the [00010000] component of the Hessian V(xVj-)/(0). 

At 12-derivative order, in addition to the 6-point | BPS supervertices in [00000002], there 
are also | BPS supervertices in [00010000]. The lowest weight state state of [00010000] can 
be constructed by taking a linear combination of the following | BPS supervertexj^] 

3 

s m (q) n Qa+++Qa-\ f Qa —b +Q a -b e n Vik+++Vik-\ f Vik —H -Vik —f- (3.52) 

a= 1,2 l<ii<J2<i3<6 k=l 

and the | BPS supervertex 


y!6 


(Q) E 

l<i<j<6 


„2 p+ D+ 

S p- n '[+++,+-+] it [-++ I -+]' 


(3.53) 


Here we have written the index A explicitly as (± ± ±). The singlet supervertex is again 
absent. 


Likewise, there are 7-point, 12-derivative j BPS supervertices in the representation 
[00010001], in addition to the \ BPS supervertices in [00000003]. The representations 
[00000001] and [01000001] are absent at this order. 


16 See footnote 


14 


for an explanation for the index notation of ija- 
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4 


Lifting supervertices 


4.1 The general idea 

As seen in the previous section, the supervertices of maximal supergravity theories in D < 
7 dimensions can be conveniently organized according to representations of the compact 
R-symmetry group. The construction of the general supervertices in 8 and 9 dimensions 
appear to be more subtle. Furthermore, the super spinor helicity formalism which splits the 
supercharges into supermomenta and superderivatives cannot be applied directly to type IIA 
supergravity and the eleven dimensional supergravity. It is nonetheless possible to construct 
supervertices in these theories, by uplifting supervertices from a lower dimensional theory of 
maximal supersymmetry. 

Supervertices of a higher dimensional supergravity theory can be trivially reduced to (a 
subset of) supervertices in lower dimensional theories, simply by restricting the momenta 
of external particles to a lower dimensional sub-spacetime, and identifying an appropriate 
embedding of the little groups. The reverse procedure is less obvious, since not all superver¬ 
tices in the lower dimensional theory come from the reduction of supervertices in a higher 
dimensional supergravity theory. In this section, we introduce a simple method of identifying 
those supervertices in the lower dimensional theory that can be lifted to a Lorentz invariant 
supervertex in a higher spacetime dimension. We will then apply this method to explicitly 
construct supervertices in 8, 9, and 11 dimensions. 

Suppose An is an n-point supervertex in d dimensions, and we would like to know 
whether it lifts to a supervertex in the D dimensional maximal supergravity theory, for 
some D > d. In other words, we want to know whether is the dimensional reduction 
of a D-dimensional supervertex. For reasons that will become clear, we shall assume n < 
d + 1. While this restriction does not allow us to determine whether the most general n- 
point supervertices can be uplifted, for larger values of n, it is nonetheless sufficient for the 
derivation of non-renormalization conditions considered in this paper. 

For the generic assignment of the momenta p* of the n particles in a scattering amplitude, 
momentum conservation implies that there are n— 1 independent null momenta. They span 
an (n — l)-plane in the d dimensional spacetimej^] The d dimensional Lorentz invariance 
implies that the amplitude is invariant with respect to the SO(d + 1 — n) rotation of the 
transverse directions to the (n — l)-plane, which leaves all momenta pi fixed. Now, we would 
like to view this amplitude as that of n supergravitons in D dimensions, subject to the 
restriction that the momenta p, lie in a chosen (n — l)-plane in D dimensions. If we fix this 

17 In analyzing tree amplitudes we are free to analytically continue the momenta to complex values, and 
the spacetime signature will not be essential. 
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set of momenta pi, the D-dimensional Lorentz invariance then amounts to the invariance of 
the amplitude with respect to a SO(D + l-n) subgroup. 



Figure 2: Lorentz rotations of an n-point amplitude A with fixed momenta in a d-dimensional 
sub-spacetime. 

The rotation symmetry of the D — d extra dimensions, isomorphic to SO(D — d ), embeds 
into the compact R-symmetry group of the d-dimensional supergravity theory. In order for 
An ' 1 to be the restriction of a D-dimensional supervertex, we need to at least demand that 
An ' 1 is invariant with respect to the SO(D — d) subgroup of the d-dimensional R-symmetry 
group. With the fixed set of momentum /y, which we assume to be generic, ArP is then 
invariant with respect to an SO(d + 1 — n) x SO(D — d) subgroup of the SO(D + 1 — n) 
(Figure [2]). 

The key step is to further demand that A^P is invariant with respect to the remaining 
(D — d)(d + 1 — n) generators of the SO(D + 1 — n). These extra generators, though not 
manifest, can be realized as differential operators in the Grassmann variables ip that act on 
the superamplitude. We denote these generators by M a (v), where a = 1, • • • ,D — d, and 
v is a unit vector in d dimensions that obeys v • pi = 0 for all momenta pi in the vertex 
{i = 1, • • • , n). They will be constructed explicitly in the next few subsections. 

A useful property of M a (v) is that its commutator with each supercharge is a linear 
combination of the 32 supercharges, and thus any formal amplitude obtained by acting 
on ArP with M a (v) will automatically satisfy the supersymmetry Ward identities. The 
condition for a supervertex ArP to lift to a D-dimensional Lorentz invariant supervertex is 


24 





precisely that A\rP is annihilated by all M a (v)’s. 


4.2 Lifting from 8D to 9D 

Now we consider the problem of lifting supervertices of 8D maximal supergravity to 9D. In 
this subsection we will denote the 9D super spinor helicity variables by (C oA, Va), in order to 
distinguish them from 8D variables]^] If we restrict the momentum p to 8D, (CaADM) can 
be decomposed in terms of the 8D super spinor helicity variables ( \ A i , A^ J , 9 1 , 9j ) according 
to __ _ 

CaA —> (Aa/, An = 0, = 0, A^ ), 

J]A -t {9 I ,9 I ). 

With this restriction, each 9D supervertex reduces to an 8D supervertex. We would like to 
determine which 8D supervertices arise in this way. 

For an n-point superamplitude with momenta Pi restricted to 8D, let v be a unit vector 
that obeys v • pi = 0, for all i = 1, • • • , n. We would like to construct the 9D Lorentz 
generators that rotate the plane spanned by v and the extra 9-th dimension. Since the 8D 
spinor helicity variables A*, A* obey the Dirac equations 

Aab\b = 0) ftiAB^iAI = 0, (4.2) 

where i> iA p = the supercharges g*, g), g*, g* of the i-th particle vanish upon con¬ 

traction with as well. For generic null momentum pi , we can then write 

Qi = i>i u u (4-3) 

where iq has the opposite chirality as g*, and is only defined subject to the ambiguity tq ~ 
Ui + Similarly, we can define associated with the other supercharges g^g^gj. 

Note that the following expression 

qifui = Uifafui = = - uifq. (4.4) 

is free of the ambiguity in shifting iq or w*. We will define the following linear operators that 
on the n-point amplitude, 

n 

M+ ( V ) = q ^ Ll = 

1 _ (4-5) 

M~(v) = 

i =1 i 

18 In the rest of Section[4j we shall represent the higher dimensional super spinor helicity variables by (£, rj) 
and reserve (A, 9) for the lower dimensional counterparts. 
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The nonzero commutators of M ± (v) with the supercharges are 


1 n _ i — 

[ M+ (v),Q A ] = 


i —1 
n 


[M + (v),Q a ] = ~lj2(]/> i fu i ) A = \(fQ) A , 


2—1 


— I n i 

[Af“(v),Qj] = “o = o(W)- 4 ' 


(4.6) 


2—1 

n 


[m (v),g A ] = 

2—1 


w*)a = 2^ ( 5)a- 


Thus, if we act on any 8D supervertex with M ± (v), the resulting expression still obeys 
supersymmetry Ward identities with respect to all supercharges. 

It will be useful to introduce another operator on the amplitude, 


(4.7) 


M° = 2[A/ + (v), M (v)] = - y" (uiffijui - 

2 

= ^ - Uitffii') = 22 [viVi - qiUi) = 22 { u iVi - UiVi 


We observe that 

[M°, M ± (v)] = ±M ± (v), (4.8) 

and thus (M°,M + (v),M“(v)) generate an sw(2) algebra. 

Now we can identify 

M(v) = M + (v) + M~ (v) (4.9) 

as the generator of rotation in the plane spanned by v and the A" 8 extra dimension direc¬ 
tion. If the 8D supervertex is annihilated by M (v) for all v perpendicular to the momenta 
Pi, ■ ■ ■ , p n , then the vertex is the restriction of a 9D Lorentz invariance vertex. Once again, 
in making this argument we have assumed n < 9, so that the set of n — 1 independent 
momenta in 9 dimensions can always be rotated into a fixed 8D sub-spacetime. 

As an example, let us consider the action of M(v) on the 8-derivative supervertex 

■5 18 (Q) = S‘(Q A )S‘(Q A ), 


M(y)6'\Q) = 


- £' 


Uj 


d Q 




d 


dQ A 


<5 b (Q) 




(4.10) 


5 16 (g) = o. 
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This shows that <5 16 (Q) lifts to a Lorentz invariant supervertex in 9D, as expected. 


Now let us consider the 8D 5-point supervertex V® = 5 W (Q)R 2 + = 5 8 (<5a)<5 8 (Q j 4)(^ j 5 =1 ?7i?7i) 2 , 


and Vg as defined in (13.151) . Observe that 


M+(v)-0 5 ° = 
(M + (v))V 5 ° 


5 

2 5 16 (Q)R + ^Uifq h 

i= 1 

5 2 
= 25 l& (Q)[ S ^ j U i fq^j . 

i=l 


(4.11) 


One can verify that (M + (v)) 2 V® is in fact proportional to 0 5 + , and similarly (M (v)) 2 O 5 0 is 
proportional to V^ - . 19 Thus (V 5 °, V^) are three components of a spin-2 multiplet of the su( 2) 


algebra generated by M° and M ± (v). There is a unique linear combination of (V^°, V^) that 
is annihilated by M(v) = M + (v) + M _ (v), which lifts to a Lorentz invariant supervertex 
in 9D. This constructs the 5-point 8-derivative supervertex in 9D that contains the coupling 
5a R 4 . 


On the other hand, the 6-point 8D supervertex of the form 5 1& (Q)R\ is not annihilated 
by M + (v), and its variation under M + (v) cannot be canceled by the variation of any other 
6-point supervertices, as can be seen simply by counting the degrees in rj and rj. It follows 
that there is no 9D supervertex that contains the coupling 5r5aR i . 

A similar argument can be used to rule out the 9D supervertices that contain either 
5r5rR 4 or (5a) 2 R 4 couplings. This is because there are only three 6-point supervertices in 8D 
that are potential candidates for the dimensional reduction of such U(l) neutral supervertices 
in 9D, namely 5 16 (Q)R+ and Vg . But unlike the 5-point case, the three supervertices here 
could only fit into a spin-4 multiplet of the su( 2) generated by M°,M ± (v), and no linear 
combination of the three supervertices can be annihilated by M(v) = M + (v) + M“(v). 

In conclusion, inspection of the M(v) transformation on 8D supervertices shows that 
the only independent n-point 9D supervertices at 8-derivative order are h 16 (Q), its CPT 
conjugate, and the exceptional supervertex in the n — 5 case, which contains the coupling 
5aR 4 . 


Let us consider another nontrivial example, uplifting a 6-point, 12-derivative supervertex. 


19 A simple way to see this is to observe that (M + (v)) 2 V° is of degree 12 in rj and degree 8 in ry, and VjT 
is the unique 5-point vertex of these degrees in ( rj, rf) that obeys the supersymmetry Ward identities. 
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In 8D, the following 6-point supervertices 






l<i<j<k<6 


s w (Q)K Y. 4 


(4.12) 


1 <*< 7<6 



1 <i<j<k<(> 





comprise the even M°-eigenvalue components of a spin-4 multiplet of the su( 2) algebra 
generated by M°, M ± (v). A linear combination of them is annihilated by M(v) = M + (v) + 
M _ (v), and can thus be lifted to a 9D supervertex. This supervertex contains a 6-point 
coupling of the form D A (8a) 2 R A . 

4.3 The relation between 7D and 8D supervertices 

The connection between our formulation of super spinor hclicity variables and supervertices 
in 7D and 8D requires some explanation. In the usual standard dimensional reduction from 
8D to 7D, we take the momenta to lie within a 7-dimensional subspace of the 8D spacetime 
(transverse to X 7 direction), and embed the SO(5) little group of the 7D supergraviton into 
the SO(6) little group in 8D. Since the chiral and anti-chiral spinors of SO( 1,7) reduce to 
the same spinor representation of 50(1, 6), we can write 8D gamma matrix as 5 A q. The 
8D spinor hclicity variables (ai and are now subject to the constraint 



(4.13) 


due to the vanishing momentum along X 7 direction. We can then identify them with the 
7D spinor hclicity variable A ai by 



(4.14) 


and (4.13) is trivially satisfied. The Grassmann variable r] 1 ,r]i in the 8D super spinor hclicity 


formalism can be related to the 7D Grassmann variables 9 I a {= Q IJ 6 a j), a — ±, through 


V 1 - V j = 


(4.15) 



The supercharges are then identified as 


(Qa,Qa) ~ (Qa+, <>baQb-), 
(QaiQa) ~ (Qa-> ^baQb +)• 


(4.16) 


The 50(3) x 50(2) compact R-symmetry generators in 8D are identified with a subset of 


the 50(5)ij generators (3.24) in 7D, which are 


E>+ 

"(+-)’ 


R 


(+-)’ 


pO 

"(+-)’ 


and R® b e 


ab 


(4.17) 


The n-point supervertex S W (Q) in 8D reduces an identical expression in 7D, and hence 
its 50(3) multiplet maps to the 7D supervertices obtained by acting on <5 16 (Q) with the 

generators Rf + _y 57_), 5° + _). The 50(3) singlet vertices V±, which are charged under the 

50(2), also reduce to 7D vertices in the 50(5) multiplet of <5 16 (Q), but are invariant under 

^(+-)’ ^(+-)> ^(+-)' 

There is an alternative route in reducing the 8D spinor spinor hclicity formalism to 7D, 
by identifying 

V 1 = 0 T + , rji = Jr- (4.18) 

In this formulation, a superamplitude written in the (r/ 1 ,///)-representation can be mapped 
to a superamplitude in the 0 J a representation by a Laplace transform, 


A(vi,Vi) 


J Y[d%_e^ e !-A(O i+ = ViA-)- 


(4.19) 


The 8D supercharges would then be identified with the 7D supercharges through 


(Qa,Qa) ~ (Qa+, &baQb-)i 
( QaiQa ) ~ (Qa-, S b aQb + ), 


(4.20) 


Compared to (4.16), this amounts to a different splitting of the 32 supercharges in 7D to 
supermomenta and superderivatives. Now the 8D 50(3) x 50(2) generators reduce to 5^ 
of (3.24), and the 8D supervertices V± (3.15) reduce to S 16 (Q) and its CPT 


and R! 


0 c ab 
ab t 


conjugate in 7D. 


4.4 Lifting to 11D 

The super spinor hclicity formalism we have adopted does not permit a straightforward ap¬ 
plication to superamplitudes in 10 dimensional type IIA supergravity and 11 dimensional 
supergravity theories, because in these theories there is no Lorentz invariant way of splitting 
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of the 32 supercharges into 16 (mutually anti-commuting) supermomenta and 16 superderiva¬ 
tives. The latter is nonetheless possible if we give up manifest Lorentz invariance. In this 
subsection, we will construct supervertices in eleven dimensions, by lifting supervertices from 
9D and then imposing 11D Lorentz invariance (after having satisfied supersymmetry Ward 
identities). 

The 9D supervertices that are compatible with 11D Lorentz invariance are those anni¬ 
hilated by M- t(v), which generate the rotations in the 2-planes spanned by the unit vector 
v (that obeys v • pi = 0 for all i labeling external particles) and the vectors dx& ± idx io 
transverse to the 9D spacetime. In 9D super spinor hclicity variables, we have 


M +( v ) = q rf Ui ’ 

i= 1 
n 

M -( v ) = 

i=i 

where Ui and U* are defined through 

Qi = A u i> Qi = tfr- 


(4.21) 


(4.22) 


Again, M±(v) are well defined, despite that Ui , Ui are subject to the ambiguity of shifting by 
or The nonzero commutators of M±(v) with the 9D supercharges are 

Q a \ = fQa, [Af_(v), Qa] = fQ a . (4.23) 

Let us consider the 4-point supervertex <i 16 ((5). We have 

m -(v)s k (q )= i w)^w/ KiQ) =°- < 4 - 24 > 

Similarly, by consideration of CPT conjugation, we see that 5 16 (Q) i s a l so annihilated by 
M + (v), namely 

4 

M + (v) 6 16 (Q) = M + (v)Q 16 n y = 0. (4.25) 

i =1 

Thus we conclude that 5 16 (<5) can be lifted to a Lorentz invariant supervertex in 11D. This 
is nothing but the 11D supervertex that contains the supersymmetric completion of R A 
coupling. 

In a similar way, all 4-point F-term supervertices of the form 5 16 (Q)J-'(s 1 t,u) in 9D can 
be lifted to Lorentz invariant supervertices in 11D, which correspond to couplings of the 
schematic form D 2n R 4 + ■ ■ ■. 
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The n-point vertices of the form d 16 (Q), for n > 5, are still annihilated by M_(v), but not 
by M_|_(v), neither are they invariant under the SO(2) R-symmetry (sub)group that rotates 
the transverse space. Thus, such F-term supervertices in 9D cannot be lifted to Lorentz 
invariant vertices in 11D. 

The exceptional supervertices in 9D require a more careful analysis. Let us consider the 
5-point, 8-derivative supervertex that contains 5aR 4 coupling. Note that a 9D supervertex 
that is invariant with respect to M + (v) + M_(v) can be lifted to a supervertex in 10D type 
11A supergravity. From the tree level and 1-loop contribution to R 4 effective coupling in 
type IIA string theory, we know that there is a 5-point 8-derivative supervertex in type 
11A supergravity that reduces to a nontrivial linear combination of 5aR 4 and 5t2R 4 in 9D. 
To further lift to 11D, we need to demand invariance under M + (v) and M_(v) separately. 
However this is impossible due to the 9D SO(2) R-symmetry charges of these supervertices. 
Hence we rule out the possibility that a combination of the 9D 5aR 4 supervertex and 5-point 
<5 16 (Q) supervertex can be lifted to 11D. 

We conjecture that the J^-point supervertices of the form h 16 (Q)J r (s, t, u) are in fact the 
complete set of F-term supervertices in eleven dimensions P*| 


5 Non-renormalization conditions from superamplitudes 


The coefficient /(</> 7 ) of an F-term supervertex or coupling, as a function of the massless scalar 
moduli fields (j ) 1 , is generally constrained by supersymmetry. Such constraints take the form 
of differential equations in (j ) 1 , and are usually referred to as non-renormalization conditions 
since they can be used to constrain the derivative expansion of a quantum effective action 
(in the Wilsonian sense). In this section, we wish to establish such non-renormalization 


conditions on /(0 / ), in a maximal supergravity theory, along the same line as 28,29 , in the 
following steps. 


(1) Expanding /(0 7 ) in the moduli fields (j ) 1 , we obtain higher point component vertices at 
the same derivative order. As discussed in section 2, in the amplitude language, this can be 
understood as a relation between (covariant) derivatives of /(</> 7 ) and certain higher point 
amplitudes with soft scalar emissions. 


(2) These higher point vertices may or may not admit a local supersymmetric completion. 
That is, they may or may not be a component of a supervertex. If they do not admit a local 

20 The argument presented in this section cannot be used to rule out n-point F-term supervertices in 11D 
with n > 11, which generally cannot be lifted from 9D. 
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supersymmetric completion, they must be a component of a superamplitude (that involves 
soft scalars). If this is the case, the superamplitude of question will be entirely determined 
by the residues at its poles in the momenta, which are in turn determined by lower point 
supervertices via factorization, as a consequence of tree level unitarity relation. 

(3) Our classification of F-term supervertices indicates that, typically, only certain special lin¬ 
ear combinations of the component vertices obtained by expanding /(< jb 1 ) to quadratic order 
in 5(j) admit local supervertex completions. The linear combinations that cannot be com¬ 
pleted as supervertices, which must then be part of superamplitudes that factorize through 
lower point vertices, will lead to a set of second order differential equation obeyed by /(0 7 ). 

(4) The differential equations obeyed by /(</> / ) are determined by the general factorization 
structure of the above mentioned superamplitude on its poles, up to numerical coefficients 
which can be in principle fixed by supersymmetry Ward identities. 

(5) In practice, rather than directly solving the supersymmetry Ward identities, it suffices to 
compare the structure of the differential equation for f(cj) 1 ) with any known set of nontriv¬ 
ial superamplitudes that obey tree level unitarity relations. The superstring perturbation 
theory provides such a set of amplitudes. Typically, tree level plus possibly one-loop string 
amplitudes are all that is needed to fix the differential equation obeyed by /(0 4 ). We would 
like to emphasize that, string perturbation theory is used here as a crutch to nail down 
the coefficients in the equations. The resulting equations are nonetheless a consequence of 
supersymmetry alone, and do not depend on the specific string theory. 

The precise form of these differential equations have been formulated in type 11B super¬ 
gravity in [15,22,28]. Below we derive the precise form of the differential equations for the 
coefficients of various F-term couplings in maximal supergravity theories in lower spacetime 
dimensions. We begin with the 7D example, where the general features of the supersymmetry 
constraints on the f? 4 term are illustrated, and subsequently extend these constraints to 6, 
8, and 9 dimensions, where there are some interesting differences due to our classification of 
8-derivative supervertices. Note that while in type 11B supergravity, the constraining equa¬ 
tion asserts that the coefficient /(0) of, say f? 4 coupling, is an eigenfunction of the Laplacian 
on the scalar coset manifold G/H, in lower spacetime dimensions we will fold additional 
constraints on the Hessian of /(0). 

We then discuss the consequence of the | BPS supervertices at 12 and 14-derivative 
orders, focusing on D < 5 where the R-symmetry representation content is simpler. We will 
also discuss constraints on independent higher point supervertices at the 14-derivative order, 
in type 11B supergravity. 
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5.1 8-derivative terms in 7D 


Recall that the 14 massless scalars ep 1 of 7D maximal supergravity parameterize the coset 
SL(5)/SO(5). The possible n = 4, 5, and 6-point supervertices at 8-derivative order are all 
generated by applying an S0( 5)r rotation to <5 16 (Q) = <^ 16 (^" =1 Qi)- 

The 4-point supervertex 5 16 (<5) contains R 4 coupling. We denote the coefficient of this 
coupling, as a function of the moduli fields, by /o(</> 7 )- Expanding / 0 (</> 7 ) to second order in 
the scalar fluctuation Sep 1 , we find couplings of the form 5(p I 5(p J R 4 . They transform in the 
representation 

Sym 2 [2, 0] = [0,0] ® [0,4] © [2,0] © [4,0], (5.1) 

As explained in section 3.3, the only 6-point supervertex at the 8-derivative order transforms 
in the representation [4,0] of SO(5)r. The [0,0], [0,4] and [2,0] components of the 6- 
point scalar-graviton amplitude generated by the coupling Sep T Sep J R 4 do not admit local 
supervertex completions, and must be components of a 6-point nonlocal superamplitude, 
in the corresponding representation of SO(5)r. Such a superamplitude is determined by 
its factorization through lower point supervertices. By momentum power counting, the 
factorization must involve precisely one 8-derivative vertex, and a pair of supergravity cubic 
vertices. Indeed, we have the 4-point R 4 supervertex, which is a singlet of SO(5)r, and 
the 5-point Sep 1 R 4 supervertex, which transforms in the representation [2,0] (see Figure [3|. 
There are no 4 or 5-point supervertex that transform in the representation [0,4], 





Figure 3: Factorizations of the two independent 6-point 8-derivative superamplitudes 
through R 4 supervertex and Sep 1 R 4 supervertex respectively. 

Thus, while the [4, 0] component of Scp I Scp J R 4 is part of a supervertex, whose coefficient is 
a priori unconstrained by supersymmetry, the [0, 0], [2, 0], and [0,4] components of Sep I Sep J R 4 
cannot have independent coefficients. It follows from the factorization structure of the 6-point 
superamplitude at 8-derivative order that there are linear relations between these 6-point 
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couplings and the coefficients of 4 and 5-point supervertices, of the schematic form 

(5.2) 

[V/Vj/o(fl] [M = 0. 

The [0, 0] component is an equation that asserts / o (0) is an eigenfunction of the Laplacian on 
the scalar manifold SL(5)/SO(5). The [2,0] and [0,4] components are additional constraints 
of supersymmetry. 

To formulate these equations precisely, let us parameterize the scalar manifold SL(5)/SO(5) 
by a real symmetric 5x5 matrix g t j , with detg = 1. The SL( 5) symmetry of the two- 
derivative supergravity theory acts by j 4 hgh T , h G SL( 5). This symmetry is broken 
explicitly by the higher derivative couplings of interest. We will now write the i? 4 coefficient 
/oO 7 ) as f(g). 


Since g tJ are constrained variables, it will be convenient to formulate the differential 
equations on f(g) in terms of the variation of f(g) under g tJ —> g t j + Sg,j (as opposed to 
derivatives with respect to independent variables, which is slightly more cumbersome). Here 
5g is a symmetric real matrix and is subject to the constraint det(g + 5g ) = 1, which can be 
expanded to quadratic order as 

9%« - = OttSg) 3 ). (5.3) 

Now consider the corresponding variation of f(g), 


5/(9) = 5g«/«(g) + 5g«5g«/ y ’"(g) + C((5 9 ) 3 ). (5.4) 

Due to the constraints (5.3), f l] and f l ^ kt are not unambiguously defined. The ambiguity 
in f lJ can be removed by demanding that /is traceless, i.e. gijf^ = 0. Likewise, we can 
fix the ambiguity of f l ^ ki by demanding that it is traceless with respect to ( ij) and ( k £) 
respectively. 


Now the factorization relation of 6-point amplitudes described above implies the following 
linear relational 

gijgkif lk,je {g) = af(g), 


gkef lk ’ je (g ) - vg ij gugmnf mk ' n \g) = bf ij (g), 
5 


(5.6) 


f iM (g) - r M (g) = 0 
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The SL( 5) invariant differential operator we introduced is related to the SL(5)/SO(5) Laplacian in 60 


by 


gijgkif lk,il = ^A Si ( 5 )/. 


(5.5) 
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The LHS of these two equations are the projection of f l] - M onto its [0,0], [2,0] and [0,4] 
components, with respect to SO(5)r. 

In the absence of nontrivial RR potential, g t j which captures the SL(5)/SO(5) moduli 
of type II string theory on T 3 has the following [/-duality invariant parametrization 1601 


9ij 



(g 2 7 0 0 \ 

0 V 3 1 i v?B ? 3 

\0 v^B? 3 vl~g y - v^B^B™) 


(5.7) 


where u 3 = r 1 /[ 3 is the volume of T 3 and gi = r 2 x u 3 1 is the 7D string coupling. Here 
g V] is the SL( 3) metric on T 3 and B^ s comes from reduction of the two form B NS on 2-cycles 
of T 3 . 

Comparison with the well known tree level contributions in type II string theory on T 3 , 
which is simply 2£(3 )g 7 12 ^ 5 , then fixes 


3 , 3 

a = —. b — —. 
5’ 4 


(5.8) 


Indeed, the proposal of 60 , based on a combination of perturbative and instanton compu¬ 


tations, and imposing the U-dnality symmetry SL( 5, Z), asserts that in the toroidal com- 
pactification of type II string theory to 7 dimensions, the R 4 coefficient as a function of the 
SL(5)/SO(5) scalars is given by 


f(g) = e 




[1000];|^)’ 




where is the SL( 5, Z) Epstein series 


E 


,SL(5) _ 

[ 1000 ] 


E 


( m l gijmi) i 


(5.10) 


(mi,- ,m 5 )eZ 5 \{ 0 } 

Consider the summand in (5.10), f( m )(g) = (m t g i jm : ’)~ s . Under the variation g —* g + 5g, 
we denote by /)U and the first and second order variational coefficients, similarly to 


(5.4). They obey 


fij _ 
J (m) 

rik,jl _ 

QklJ ( m ) 


ikn, ,/rrj/^S+l \ " g 


( m K g k irri 


-(■ m k gkim l )g i: ’\ 


(5.11) 

, — _ ( 1 J. 1 VmW J_ /'o _ 1 QU™ 1- /,. ' 

50 (m k gkim l ) s+1 

From this, it is straightforward to verify that the equations (5.6) are obeyed by each summand 

_ _■ ml .. _ 3 


m 


the Epstein series (5.10), for s = §. 
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5.2 The 6D case 


In this section we extend the analysis of supersymmetry constraints on the R 4 coupling in 
section 5.1 to 6 D maximal supergravity theories. 

The 6 D supergravity scalar coset manifold 50(5, 5)/(50(5) x50(5)) can be conveniently 
parameterized by a symmetric 50(5,5) matrix [73] 

\bik9 J gij - b ik g LL b ej ) 

Here g t] and bij are 5x5 real symmetric and anti-symmetric matrices respectively, g 13 is the 
inverse matrix of g,j. M obeys 


MrjM = 77 , 77 



(5.13) 


An advantage of parameterizing the scalar manifold with M rather than the unconstrained 
variables g k} and b tJ is that 50(5,5) acts linearly on M, vie 


22 


m -»■ f mn T . 


(5.14) 


Here the 50(5,5) matrix obeys Q T r]Q = 77 . 

Now consider the expansion around a point M 0 in the scalar manifold, and write M = 
M 0 + SM. SMij is symmetric and is subject to the constraint 


SMrjMo + M 0 rj8M = —SMrjSM. 


(5.15) 


M 0 is fixed by a subgroup H of the 50(5,5). In other words, the elements of H are 50(5, 5) 
matrices O that obey 

OM 0 O t = M 0 . (5.16) 

By construction, O acts on SM linearly as well, 

SM -)■ OSMO t . (5.17) 


H can be identified with the compact R-symmetry group 50(5) x 50(5), which acts linearly 
on the scalar fluctuations. 

Let f(M) be the coefficient of the i ? 4 supervertex. We may expand 


f{M) = /(M 0 ) + SMijffaiMo) + SMijSMktfl^Mo) + • • • . 


(5.18) 


22 If we write £1 in block form, £1 = , then Xij = gij+bij transforms as X —> (DX + C)(A + BX) 1 . 
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Due to the constraint on SM ( 5 . 15 ), and ffy ke are subject to the ambiguity of shifting 
by 

fli) /(?) + (vMoNy* + (iV. 

f(i) H + \ (v ik N ji + r] jk N ie + rj u N jk + rf e 'N ik ) ( 5 . 19 ) 

+ [(riMoPy* + (PM 0 r)) ji ] Q ke + [(rjMoP)* + ( PM oV ) ek ] Q ij , 

where IV, P, Q are arbitrary symmetric matrices. Below we will fix this shift ambiguity and 
then formulate the differential constraints on f(M) as algebraic relations on the variational 
coefficients f^' k£ . 

Since G = SO( 5 , 5 ) is a global symmetry of the two-derivative supergravity theory in 
6 D, the differential constraining equations on the P 4 coupling coefficient f{M) is covariant 
with respect to the action of G, which acts on the scalar manifold as a transitive isometry. 
Thus, it suffices to examine the constraints on the Hessian of f(M ) at a single point on the 
scalar manifold. For convenience we choose to work with the point Mq = Iioxio- Define the 
10 x 10 orthogonal matrix 

J_/I -IF 
y/2\J I 


(5.20) 


so that 


S T 7 1 S = 


I 0 
0 -I 


= V- 


(5.21) 


Also define SM = S T SMS , so that the constraint (|5.15|) can be written as 


SMrj + rjSM = -SMrjSM. 


(5.22) 


In terms of an expansion in SM, the first and second order variational coefficients of f(M), 
denoted by /^, ffy ke , are defined by 

f(M) = /(M 0 ) + SMijfH^Mo) + SMijSMktflifiMo) + • • • . (5.23) 


A general element of H ~ SO( 5) x SO( 5), which leaves M 0 
takes the form 


I 10xl0 invariant under (5.16), 


O 



1 /A + B A-B\ 

2 [A-B A + bJ ’ 


A, Be SO( 5). 


(5.24) 


The SO(5, 5) vector index i on ./(/) and can then be decomposed into a pair of SO(5) x 
SO(5) vector indices, which we denote by a and a. 

We now fix the ambiguity in /m by demanding that the only non-vanishing components of 
/(i) are (ij ) = (ad) and (da), i.e. /(p is block-off-diagonal. Similarly, we fix the ambiguity in 
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/( 2 ) by demanding that the only non-vanishing components of are (ij ) , (AT) = (ad) and 
(da). The independent components are and /^’ 66 . The former transforms in [1,0; 1,0] 
of 50(5) x 50(5), whereas the latter a priori transforms in Sym 2 [l, 0; 1,0] = [0, 0; 0, 0] © 
[ 0 , 2 ; 0 , 2 ] © [ 2 , 0 ; 0 , 0 ] © [ 0 , 0 ; 2 , 0 ] © [ 2 , 0 ; 2 , 0 ]. As discussed in section 2.4, the differential 
constraints amounts to the vanishing of the [ 0 , 2 ; 0 , 2 ], [ 2 , 0 ; 0 , 0 ], and [ 0 , 0 ; 2 , 0 ] components 
of f° 2 ) hh i and that the singlet component of is proportional to /(M 0 ). Explicitly, these 
conditions can be written as (at M 0 = I) 


5 ab n bb 


/ aa,bb/-rr\ pclo,ocl /tt\ 

( 2 ) W — J ( 2 ) W* 

The proportionality constant c is in principle fixed by supersymmetry Ward identities. As 
before, we can determine it simply by comparison with tree level string amplitudes. 


= ^ b n bb (j) = o, 

pab,ba / 


(5.25) 


The constraint (5.22) implies that to linear order in 8M , 8M is block-off-diagonal. To 

(5.26) 


quadratic order in 8M, we have 


8M ab = l -8M ai 8M u , 8M di} = l -8M ch 8M ch . 


Let v be an arbitrary *SO(5, 5) vector, and u = S T v. We can write 


a.,b 


v 1 8Mv = u 1 8Mu = 8M ab u a u b + 8M A j ) u a u b + 2 8M a ^u a u 


' ab L 

= 2 8M ah u a u b + i 8M ad 8M bd u a u b + ^8M cb 8M ch u h u h + 0{{8Mf 


Now expanding the function 


F S (M) = (v t Mv) 


(5.27) 


(5.28) 


with M — I + 8M, 

F 8 (I + 8M) = ( u T u)~ s - 2 s(u r u)- s ~ 1 8M ah u a u h + 2 s(s + 1 ){u T u)- s ~ 2 8M ai} 8M cd u a u h u c u d 
- ^(w T w )" s_1 (8M ad 8M bd u a u b + 8M C a8M ci} u h u h ^j + 0((8M) 3 ). 

(5.29) 


In particular, we can extract the coefficient of 8M ab 8M C£ j, 

2s } S T \% a u h u c u d - - 4 r- (u a u c 8 bd + u b u d 8 ac ) 
(■ u 1 u) 2 2 u 1 u \ J 

Note that Ff^ obeys 


77 lClbjCd 771 

P s{ 2) = 


(5.30) 


SnrF. 


-8„.r8 bd 8,iF^’ cf 


ab,cd 

s (2) “ 5““^ u ef ± s (2) 


s(2s — 3 )8 ac u a u c 5 s(8 ac u a u c — 8ac.u a u c 


(u T uY 


2 {u T uY 


u b u d - -8 bd 8.fU*u f 


Fs( I), 


(5.31) 
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as well as a similar equation with the dotted and undotted 50 (5) indices exchanged. In 


order for F S (M) to obey the second equation of (5.25), which amounts to the vanishing of 


(5.31), we need s — and 


8 ac u a u c 


5acU a U C = U 1 r/U = 0 V 1 7]V = 0. 


(5.32) 


When this condition is satisfied, we have 


c r T~\ab,cd _ 

°<*c°bd*3(2) ~ 

Tpab,cd T-iad,cb 

W(2) “s (2) 


15 


(5.33) 


Indeed, the string tree level amplitude takes the form of (5.28) with s = 3/2, and a particular 


50(5, 5) vector v that obeys (5.32) 60 , which satisfies all the equations in (5.25), and fixes 
the constant c = —15/8. 

The proposal of j59] is that f(M) is an 50(5,5;Z) Eisenstein series that is a sum of 
terms of the form Fa (M), over charge lattice vectors v that are subject to the constraint 
v T rjv = 0 23 As seen above, this precisely agrees with (5.25), with c = —15/8. 


5.3 The 8D case 


As already seen, the classification of F-term supervertices in 8D and 9D is slightly more 
intricate than in lower dimensions. In particular, not all F-term supervertices at a given 
derivative order fall into a single orbit of the compact R-symmetry group. This leads to some 
interesting features in the supersymmetry non-renormalization conditions. We illustrate this 
in the example of 4-point 8-derivative coupling, f((p)S w (Q). 


As already explained in section 3.2, in 8D maximal supergravity, the n-point vertices 
at 8-derivative order, for n > 5, fall into two classes, distinguished by their transformation 
properties under the compact R-symmetry group H = 50(3) x 50(2). The first class of 
supervertices are given by the 50(3) orbits of <5 16 (Q), which transforms in the spin 2 (n — 4) 
representation of the 50(3), and are invariant with respect to the 50(2). The second class 
of supervertices are the V± in (3.15). They are charged under the 50(2) and are singlets 
with respect to the 50(3). 


The coefficient of R 4 coupling, as a function of the scalar vevs, can be denoted /(f), U). 
Here f) is a real symmetric 3x3 matrix of determinant 1 that parameterizes the coset 
5L(3)/50(3) (similarly to the matrix g tJ in section 5.1). U is a complex parameter that 


23 The constraint v T r]v = 0 is the equivalent to the restriction (3.5b) of 59] in the summation that defines 


the 50(5,5; Z) Eisenstein series. 
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parameterizes SL(2)/SO(2), which can be identified with the Poincare upper half plane. We 
will write U — U\ + iUi- 

There are no supervertices at 8 -derivative order that transform nontrivially under both 
the SO(3) and the SO(2) factors of the R-symmetry group. Consequently, 6 -point couplings 
of the form 5Q5UR 4 do not admit local supervertex completions. They cannot be components 
of a nonlocal superamplitude either, because such a superamplitude cannot factorize into 
lower point supervertices, due to the mismatch of R-symmetry representation. We conclude 
that the coupling SfldUR 4 cannot exist at all, which means that the function U ) splits 
into a sum of two terms, 

m, U) = f S L{ 3)(ft) + fsL( 2 )(U). (5.34) 

By the same argument as in type IIB supergravity 128], fsL( 2 )(U) should obey a differential 
equation of the form 

4:Uid u d u f SL {2)(U) = afs L ( 2 ){U), (5.35) 

for some constant a. The second order derivative of /sx( 3 )(If), on the other hand, transforms 
as 

Sym 2 5 = 1 © 5 © 9 (5.36) 

of the 50(3) R-symmetry. The 8 -derivative 6 -point supervertex that contains (5Q) 2 R 4 cou¬ 
pling, as described in section 3.2, transforms in the 9-dimensional (spin-4) representation of 
50(3). By the same factorization argument as in the 7D case, we end up with two sets of 
differential equations on fsL( 3 ){ty, hr the representation 1 and 5 respectively. That is, if we 
expand 

h/sL ( 3) (fi) = + 6 n i 3 6 n ke f j ' k \n) + o((<m) 3 ), (5.37) 

where and are restricted to be traceless with respect to (ij ) and (hi), then we must 
have relations of the form 


ih = bf SL{ 3) (o), 


- ^n ke a mn f mk ’ n pn) = c 


mk.nl ( 


f ij (V) - -wn mn r n {tt) 


(5.38) 


Comparison with string tree level contributions indicates that 


a = 0, b 


0, 



(5.39) 


I 11 the 1PI quantum effective action of string theory, one encounters a subtlety. Namely, 
the 1-loop contribution to R 4 coupling in 8D has a non-analytic momentum dependence. 
This non-analyticity in the effective action would be removed if we introduce an IR cut off, 
or consider a Wilsonian effective action of the massless fields. A priori, the supersymmetry 
Ward identities are respected by the Wilsonian effective action, rather than the 1PI effective 
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action. An IR cut off would introduce an anomalous transformation of the effective action 
under the U-duality symmetry of string theory. In 60 , the function /(hi, U) is defined as 
the R 4 coefficient in the 1PI effective action, which is invariant under the U-duality group 
SL( 3,Z) x SL( 2,Z). The price to pay, for insisting on manifest U-duality invariance of 
the effective action, is that one must modify the naive supersymmetry Ward identity and 
allow for an anomalous constant term on the RHS of the Laplace equations for fsu 3 )(^) an d 

fSL{2) (U) ■ 


5.4 The 9D case 


As described in section 3.1, the 8-derivative n-point supervertices in 9D maximal supergravity 
are given by h 16 (Q) and its CPT conjugate, that contain couplings of the form (5r) n ~ 4 R 4 
and (hr) n ~ 4 i? 4 , just like in type IIB supergravity. We explained in section 4.2 that there is a 
special 5-point supervertex at 8-derivative order that is neutral under the 17(1) R-symmetry 
and contains the coupling 5aR 4 . On the other hand, there are no 6-point supervertices that 
contain either 5t5tR 4 , (5cr) 2 R 4 , or 5r5aR 4 . The absence of these supervertices imply the 
following constraining relations on the coefficient /(r, f, cr) of the R 4 coupling: 

4 r 2 d T d Y f = a 1 d a f + a 2 f , 

dlf = a 3 d a f + aj , (5.40) 

d T d a f = a 5 d T f. 


where aq, ■ ■ ■ ,a 3 are constants that are in principle fixed by supersymmetry Ward identities. 
It suffices to compare with the structure of string tree level and one-loop contributions to 
determine 






(5.41) 


In particular, this determines that /(r, r, cr) takes the form 


/( t , T,a)=e iVF| (r, r) + e°’C, 


(5.42) 


where iA is an eigenfunction of the Laplacian on the hyperbolic plane parameterized by 

4 _ 

(r,f), with eigenvalues 3/4, and C is a constant. We emphasize that (5.42) is entirely a 
consequence of supersymmetry. Combined with SL(2 , Z) symmetry that acts on r, one can 


then fix /(r, r, cr) completely, as was explained in 160,62 


5.5 12 and 14-derivative terms 

There is a unique 4-point supervertex at 12-derivative order, <5 16 (Q)(s 2 + t 2 + u 2 ), that 
contains couplings of the schematic form D 4 R 4 + • • •, whose coefficient we denote by / 4 (//), 
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or f 4 (g) in the coset notation introduced in the previous subsection. Likewise, there is a 
unique 4-point 14-derivative supervertex, h 16 (Q)(s 3 + t 3 + u 3 ), that contains couplings of the 
form D 6 R 4 + • • •, whose coefficient we denote by / 6 (</> 7 ), or fe(g). In this section, we analyze 
the supersymmetry constraints on / 4 and fa. 


We begin with the analysis of 12-derivative couplings in D = 5,4, 3 dimensions. In these 
dimensions, the 6 -point f BPS supervertices fit in a single irreducible representation of the 
R-symmetry group. The absence of the singlet 6 -point 12-derivative supervertex implies, 
via the factorization of the 6 -point superamplitude, that / 4 is an eigenfunction with respect 
to the Laplacian on the scalar manifold G/H. Unlike the 8 -derivative coupling constraints, 
at 12-derivative order, there are no other second order differential constraints on / 4 . This 
is consistent with the proposals of 160 and the classification of supersymmetry invariants 


m 


40 


There are, on the other hand, independent third order differential constraints, that involve 
V (X V j Vjq/ 4 . These follow from the absence of 7-point, 12-derivative supervertices in certain 
representations of the R-symmetry group (as described in Section 3), and the corresponding 
factorization of 7-point superamplitudes (see Figure [4] for the 5D case). The independently 
third order differential constraints on / 4 are of the form 


D = 5 : 
D = 4 : 
D = 3: 


V(xVyV/c)/ 4 | [0200] ~ V(iVy)/ 4 1 [0200] , V ( iV^V/c)/ 4 1 [2001] - 0, 

V(xVyV^c)/ 4 | [ 0 2 00000 ] — V(iVyV/c)/ 4 1 [0000020] — ^ K.) f [iooiooi] — 
V(iVy V^C)/ 4 | [01000001] = 0. 

(5.43) 



Figure 4: Factorization of the five dimensional 7-point 12-derivative superamplitude through 
one D 4 (Sep 1 5(ft J ) [ 0 2 oo] R 4 supervertex. 

Similar higher order differential constraints holds for the coefficient of D 4 R 4 in higher 
dimensions. To derive such constraints, we again need to a classification of higher point 
supervertices. I 11 higher than five dimensions, due to the smaller R-symmetry groups, there 


42 





appears to be exceptional 1/4 BPS supervertices that do not lie in the R-symmetry orbit 
of, for instance, (3.17) in eight dimensions. Nonetheless, all 6-point (and higher) 1/4 BPS 
supervertices can be uplifted from 5D using the prescription of section 4. 

At the 14-derivative order, the absence of the 6-point supervertex in the singlet of R- 
symmetry implies that the Laplacian A/ 6 is dictated by the factorization of the R-singlet 
6 -point superamplitude at the same momentum order. The latter admits two different factor¬ 
ization channels: through the 14-derivative D 6 R 4 vertex, or through a pair of the 8-derivative 
R 4 vertices as in Figure [HJ Consequently, / 6 is subject to a second order differential equation 
of the form 

A f 6 = af 6 + bf 2 , (5.44) 

where / is the coefficient of R 4 coupling, exactly as in the case of type IIB supergravity 1281 
(though the coefficients a, b may differ). 



Figure 5: Factorizations of the 6-point 14-derivative superamplitude through one D 6 R 4 
supervertex or two R 4 supervertices. 

These are not the complete set of supersymmetry constraints on f$, however. The non¬ 
singlet components of the 6-point vertex 5(f) 1 84> J D 6 R 4 do admit local supervertex comple¬ 
tions. We expect independent higher order differential constraints, due to the absence of cer¬ 
tain 7 and higher point supervertices.pl A full classification of the higher point 14-derivative 
supervertices will not be attempted here. 


5.6 Higher point supervertices 


The coefficients of n-point supervertices for n > 4 are related to that of the 4-point super¬ 
vertex at the same derivative order by the soft relations discussed in section 2. For instance, 
once we determine the 4-point 8-derivative supervertex /(</>) <5 16 (Q), the 5-point supervertex 


24 These are analyzed in 41 from the superspace approach. 
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at the same derivative order is given by 


d 

dtp 1 


/(</>) e 7 • 


vs^^Q.) 


SO(5) r 


(5.45) 


Here e 1 and v are auxiliary tensors in the [2, 0] representation space of SO(5)r. The e 1 is a 
set of unit basis tensors, and v is the highest weight state of SO(5)r in the representation 
[2,0], while the 5-point supervertex 5 16 (Q) is the lowest weight state in its SO(5)r orbit. 
The superscript in (5.45) stands for the average over the SO(5)r rotation on v and 5 16 (Q) 
simultaneously. In the vacuum where (p acquires expectation value (po, the supervertex (5.45) 
contains scalar-graviton couplings of the form d^i f((po) Sep 1 f? 4 . 


The soft relations fix all the 8-derivative supervertices in terms of the 4-point supervertex 
f(cp)S w (Q). Likewise, all the 12-derivative supervertices in terms of the 4-point supervertex 
f4((p)5 16 (Q)(s 2 + t 2 + u 2 ). These 12-derivative supervertices are linear combinations of SO( 5) 
rotations of 5 16 (Q) J2i<j s %- 

At 14-derivative order, there are a set of new independent n-point supervertices for n > 6. 
This is because 5 16 (Q) s % and <5 16 (<2) s %ki where s ijk = -(pi + Pj +p k ) 2 , are 

generally independent for n > 6 (521. While the sum of the coefficients of these two 6- 
point couplings is determined by the soft limit, in terms of derivatives of the coefficient 
fe((p) of H 6 i? 4 , the individual 6-point coefficients are not fixed by such a relation. The 
argument based on factorization of 8-point superamplitudes at 14-derivative order indicates 
that the coefficients of <5 16 (Q) E,;<, s % and <^ 16 ( Q) Y.i<j<k s %k should still obey second order 
differential equations in cp 1 , whose sources are quadratic in derivatives of f((p). 


Let us illustrate the supersymmetry constraints on these 6-point couplings, in the example 
of a type IIB supergravity theory in ten dimensions. Suppose we have the following 6-point 
supervertex at 14-derivative order, 


8 (Q) 


F i (t,t) 4 + Fi 


2 [T,T 


E 


^ijk 


(5.46) 


!<^<i<6 I<2<J<A1<6 

corresponding to couplings of the schematic form D 6 (St) 2 R 4 + • • ■ . Taking the soft limit on 
Pq, we obtain the 5-point supervertex 


i K (Q){F 1 (,T,f) + 2F 2 (T,f)\ J2 4 

l<i<j<5 


(5.47) 


Thus, from the soft relation discussed in section 2, we learn that 


Fi(r, r) + 2F 2 (t, r) = V£/ 6 (t, t) = (, d 2 - d T )f 6 (r, r), 


t 2 


(5.48) 
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Figure 6: Factorizations of the 8-point 14-derivative superamplitude through D q (5t) 2 R a 
supervertices, one R A supervertex and one ( 5r) 2 R 4 supervertex, and a pair of Ari? 4 super¬ 
vertices respectively. 


where / 6 is the coefficient of the 4-point supervertex 5 16 (Q) s?-, corresponding to 

the coupling D e R 4 + • • •. 

In order to further constrain F\ (or F 2 ), we need to consider the 8-point amplitude with 
an extra pair of r, r emissions. The absence of a local supervertex of this form leads to the 
relation 

A F 1 = aF 1 + bV% + cf 0 V 2 J 0 + d(d T f 0 ) 2 , (5.49) 


where the RHS come from the possible factorization channels of the 8-point superamplitude 
(Figure [6]). /o(r, f) is the coefficient of the R 4 supervertex. A is the Laplacian operator 
on a covariant tensor of weight (2,0) in (r, t), on the hyperbolic plane. A priori, a,b,c,d 
are constants fixed by supersymmetry Ward identities. One may try to determine these 
constants by comparison with string perturbation theory. However, unlike the differential 
equation for / 6 , which involves two coefficients that can be fixed by comparison with tree 
level and one-loop string amplitudes, to fully determine the coefficients in (5.49) may require 
knowing the explicit contributions to the 6-point amplitude at 14-derivative order from up 
to 3-loop string amplitudes. Alternatively, one may try to solve the supersymmetry Ward 
identities on a general 6-point nonlocal superamplitude at 14-derivative order directly. We 
leave this to future work. 
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6 Summary and discussions 


In this paper we gave a conjectural classification of | BPS supervertices in maximal super¬ 
gravity theories in spacetime dimension D for 3 < D < 9. In dimension 7 and below, all 
n-point 8-derivative supervertices are in the R-symmetry orbit of <5 16 (Q). In D = 8, there 
is an additional set of n-point supervertices V±, that transforms under the 50(3) x 50(2) 
R-symmetry group as singlets of 50(3) and charged under the 50(2). In D — 9, there is an 
exceptional 5-point supervertex that is neutral under the 1/(1) R-symmetry. 

Families of \ BPS supervertices are constructed as well, starting at 6-point, 12-derivative 
order. Our construction appears to be exhaustive in spacetime dimensions 5 and below. We 
also gave examples of | BPS supervertices, although they have not been classified in detail. 

We further showed that among the \ BPS supervertices of 9D supergravity, only the 
4-point supervertices of the form 8 16 (Q)J r (s, t, u ) can be lifted to Lorentz invariant superver¬ 
tices in 11 dimensions. It is likely that they exhaust all F-term supervertices in 11D, although 
this remains to be proven. If this is true, it would imply that the only F-term supervertices 
that control the M-theory effective action in eleven dimensions are 4-point supervertices that 
contain R 4 , D 4 R 4 , and D 6 R 4 couplings P*1 The existence of such couplings and their coeffi¬ 
cients in the M-theory effective action have been previous established 1211. Our argument for 
the non-renormalization conditions, based on factorization of superamplitudes, then suggests 
that all M-theory amplitudes up to 14-th order in the momentum expansion can be fixed by 
the coefficients of these supervertices. In principle, this should determine up to R 7 terms in 
the derivative expansion of the M-theory effective action. In practice, one may construct the 
exact 11 dimensional amplitudes at these orders in the momentum expansion by uplifting 
perturbative string amplitudes in lower dimensions. 


The main application of the classification of F-term supervertices in this paper is the 
derivation of the non-renormalization conditions on the moduli dependence of F-term cou¬ 
plings, such as /(</>)i? 4 , f^{(j))D 4 R 4 , and in lower dimensional maximal super¬ 

gravity theories. We find that for 3 < D < 9, besides an equation that asserts /(</>) is 
an eigenfunction of the Laplacian on the scalar manifold G/H , as was proposed in (59||60|, 
there are additional constraints on the Hessian of /(0). We verified explicitly in dimensions 
6 and above that these constraining equations on the R 4 coupling coefficient are precisely 
consistent with previous proposals 59,60 in toroidally compactified type II string theory, 
based on automorphic functions of the U-duality group. 


The constraints on / 4 is more intricate. Besides the condition that / 4 is an eigenfunction 

25 The uplifting procedure from 9D also assumes that the number of independent momenta in the vertex 
is no more than 9. So our construction of 11D supervertices by uplifting from 9D a priori only applies to 
n-point supervertices for n < 10. 


46 






of the Laplacian, there are no other second order differential constraints on as we have 
seen through the explicit construction of 6-point, 12-derivative supervertices in dimensions 
D = 5,4,3. On the other hand, / 4 is subject to a set of third order differential equations. Our 
results are consistent with that of 40 , where the same problem is analyzed using harmonic 
superspace. 


We pointed out that at 14-derivative order, there is a new set of F-term supervertices that 
arise at 6-point order and higher, due to independent supervertices of the form 5 16 (Q) 
and 5 16 (Q) ^ sfj k . The structure of supersymmetry constraints on these couplings was dis¬ 
cussed in section 5.3, but the precise coefficients in these equations are not yet fixed. Without 
trying to solve supersymmetry Ward identities on 8-point superamplitudes directly, to fully 
determine these equations requires more input from string perturbation theory (involving 
6-point amplitudes). This is an interesting problem that could provide new tests of string 
perturbation theory at higher loop order and S-duality, which we leave to future work. 


Thus far, we have little to say about the D-terms, whose coefficients appear to be un¬ 
constrained as functions of the moduli fields. Let us contrast our result with that of the 
Abelian effective action on the Coulomb (or tensor) branch of maximally supersymmetric 
gauge theories (or the 6D (2, 0) theory) fl8 20,26,27,29j. In the gauge theory context, there 


are 16 rather than 32 supersymmetries, and F-terms only arise at 4 and 6-derivative orders. 
However, when the theory at the origin of the Coulomb branch is a superconformal theory, 
the Coulomb branch effective action is also controlled by spontaneously broken conformal 
symmetry 74-76 , which introduces strictly stronger constraints than supersymmetry alone. 
Do the effective actions of maximal supergravity or toroidally compactihed type II string 
or M-theory admit similar hidden symmetries? Proposals on the exact D-term couplings, 
such as D S R 4 , were made in 121,22, 77-79). It is not clear to us why such couplings would 
be subject to non-renormalization conditions. If they are, then some yet unknown hidden 
symmetry may be at play. 
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